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The method of calculating earthwork discussed in 
this volume originated with the necessities for expedi- 
tion and accuracy, while the author was engaged in 
making extensive computations of this kind, and from 
actual study of the ground and the manner in which 
irregularities extend from one cross-section to another, 
made with the express purpose of obtaining general 
and accurate formulsd for all shapes that occur in the 
engineer's practice. Thus the several portions forming 
the entire plan, which the author now considers com- 
plete, were gradually developed in about the order in 
which they appear. 

Although it was necessary to consult many works on 
mensuration and civil-engineering in order to be assured 
of the novelty of some of the devices, and to curtail the 
description of others commonly known, direct use has 
been made of two only. The formula of Henck for cor- 
recting the calculation of earthwork on curves has been 
adopted ; and in the note at the end of this treatise the 
hint has been taken from Professor Gillespie of apply- 
ing integral calculus to railroad volumes, though tlds 
would seem a natural use of that department of mathe- 
matics. In both instances, the source and value of the 
aid is thankfully acknowledged. 

In the formula for the area of the mere ordinary cross- 
section there could not be much originality. The rate of 
slope has been included, and the values that vary from 
section to section reduced to two. Also the plan of com- 
bining consecutive volumes of equal length in series is 
one of the first that present themselves to calculators. 
Beyond this each topic is presented as new. These are, 
£xst, the inclusion of volumes of minor length in the 



general series, whereby tbe inequality in length of con- 
secutive Yolumes forms no interruption to a single and 
speedy operation. Next, the attainment of a single for- 
mula for all varieties of irregular and defective volumes, 
which not only abbreviates the oompntation of each, but 
allows them all to be included in the same series with 
ordinary volumes, so that any entire cut or bank can be 
estimated accurately in one operation. Approximate 
formulsB, on account of their simplicity, are used in the 
combinations, and the results corrected by an exceed- 
ingly easy formula, thus obtaining the contents as by the 
prismoidal rule. Formulae of error are often met with 
in discussions on mensuration. Prof. Gillespie has in- 
vestigated formulsB for the errors of all common approx- 
imate methods, using theprisraoid 1 brmula as a stand- 
ard ; but the shape he treats is not very frequent in earth- 
work, and he does not propose to use the formulae as 
corrections. In Sonnet's Dictionnaire des MathiSma- 
TiQtJES Appliquees occurs a foi-mula of difference for earth- 
work volumes, identical with that used in this treatise; 
but it is exhibited as a formula of error, not of correc- 
tion. For the similar formula to be applied to irregular 
volumes the author has seen no counterpart. The 
mode of calculating level-section volumes differs slightly 
from the best methods in use, one column in the opera- 
tion being constructed by a simpler rule than the ordi- 
nary. Complete formulae for the finished work, exactly 
similar to the formulae for the original computation, and 
capable of being joined in series, without interruption, 
through a whole cutting, whatever its irregularity, is 
believed to be entirely new. Ordinarily, the original 
calculations are disregarded as useless for the final 
estimation, unless the work has been finished exactly to 
the prescribed lines, and the advantage of exact rules is 
lost to the most important calculation of all. A method 
is here devised for using the former calculation in con- 
junction with the final, thus removing a large bulk of 
work from the latter, and giving to it the same advan- 
tage of accuracy as to the other. An easy correcting 
formula is given for the rude method of assuming tbe 
cenbre cuttings as those of level-sections in pf etimiiuary 



estimates, when the work is not yet staked out. The 
result is the same as that obtained by approximating 
with end areas of volumes as actually staked out. Also 
a method for borrow-pits is described, founded on the 
principles used for combining road-bed volumes in 
series. 

Although the original idea of the author was to 
secure the maximum amount of brevity by combining 
everything without exception in series, and then elimin- 
ating every constant factor and term from the calculation 
of each, inventing for this purpose several devices not 
hitherto used, yet he has not allowed himself at any 
point to be tempted away from exact work, deeming 
this to be of the first importance. The claim for the 
method is absolute accuracy joined with what brevity is 
shown to arise from the use of the resulting formulae. 
Special attention is called to the treatment of irregular 
volumes, the discussion of which is so provokingly 
limited and obscure in most books. These are as meth- 
odically and exactly calculated as the more regular 
volumes. A general discussion of this subject will be 
found in the note at the end of this treatise, where the 
errors of neglect and false assumption are shown and 
estimated. 

In inviting the attention of engineers to this method, 
the author considers it fair to state in its behalf the fact 
that upon carrying, as a perfect stranger, the manuscript 
of the former part of this work to Gen. Francis L. 
Vinton, head of the Department of Civil and Mining 
EngiDeering, School of Miues, Columbia College, that 
official immediately adopted it, using it in his lectures of 
the winter of '75-6, and recommending it, in the shape 
of a text-book, for use in that Institution. To Gen. 
Yinton the author must acknowledge his great obliga- 
tions, for valuable advice in the construction of the 
work and the manner of presenting the discussions, for 
important research through our own and foreign meth- 
ods of computing earthwork, and for that more material 
aid, without which this volume could not at present 
have been published by the efforts alone of its 
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For the calculation of Railroad Excavation 

AND Embankment. 



TREATMEl^T OF INTERMEDIATE 

STATIONS. 



The manner of calculating regular cross-sections of 
excavation and embankment, contained bj uniform 
slopes, has been reduced to formulae by many authors, 
representing the operation in concise form ; and these 
formulae, modified by the third dimension, length, have 
been moulded to express the content of a volume 
between two such sections, and even the bulk of a series, 
indefinitely extended, of such volumes, lying consecutive 
between cross-sections equi* distant, the width of road* 
way and rate of slope, of course, remaining the same 
throughout the whole length. We now propose to un- 
fold a method of computiug by formulae the contents of 
a series uninterrupted by the presence of vols, however 
unequal in length, and show the advantage attending 
this plan, after revieving as briefly as possible the 
method now in use. 

The accompanying diagram represents the cross- 
section of a railroad cut, b being half the width of 
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road-bed, c centre-heiglit, r elevation of right slope- 
stake above grade, r' its horizontal distance from near- 
est side of road-bed, I elev. left slope-stake, V its hori- 
zontal dist. from nearest side of road-bed, and to the 
entire top-width or horizontal dist. between slope- 
stakes. The area of this section is evidently 

m 

' r I 

Let S denote the ratio of slope: then iS^=- =-, and 

r V 

r^Br'y l=:SV. Substituting and reducing, 

Area Section = i8b{r' + V) + ^c{r' +V+ 26). 

Adding and subtracting 81? do not change its value ; 

/. Area Sedim=l8b{r'+V+2h)--'8l?+lc{r'+V'\'2b\ 

or JtS^ Area 8ectt07i = ^w{c + 8b) — 81^. 

Supposing v/, c' to represent width and centre at next 
.station, the area of its cross-section may be expressed 
by a formula similar to the above : half the sum of these, 
multiplied by dist., D, between, and divided by 27, gives 
a near approximate of the volume bet. in cu. yds. 

t&* Vol^(wc+iv'&+8b(tv+w')-4L8b^)T^' 

Add two consecutive volumes of equal length by 
means of the general formula, w'\d\ representing the 
width and centre of third cross-section : 

Vol. = (wc + 2m; V + «?"c" + 8b(w + 2«7' + «?") - 881?)^^. 

By continual addition we may get a formula for the 
sum of any number of consecutive volumes ; but, letting 
n denote the number of volumes, we may at once indite 
a general formula for the calculation of any number of 
volumes consecutive. Thus we have 

rr_7 . _ i f^c+ 2w'& + dtc. + 2?e?„Cn + ?e?B+iC„+i ) D 
^^^"^ I +8b{w+2w'+dtc. + 2w^+tv^^^)^A8b'ni iQs' 



• Divide and multiply by 2 to convert formula into 
more convenient shape, which now may be expressed 

mid-prods. + J end-prods. ) jy 
Vol.^-l +8b{mui-w{dths + ^ end-widths) 



-28bl'xno.o/voL3. j ^ 



Let us illustrate this fonuula by. applying it io itie 
following extract from a field book, eontaining columns 
of stas., centre cuts, left and right heights and dists. of 
slope-stakes, the road-bed being 18 ffc., slope, 1 to 1, dist. 
apart of stas., 100 ft: 



Sta. 


Cestbe. 




LEKi'. 


Eight 


1 


3.0 




T*;i 


Tfl 


2 


5.1 




Tf:f 


T%:i 


3 


6.4 




Tfl 


T*:* 


4 


7-2 




rf.i 


■rf;* 


5 


9.0 




Hi 


Tf:i 


G 


6.7 




Ti3 


Ti:i 




OrEBATION. 




Sta. 


Widths. 


Centre. 


Prods. 


1 


11.55 


X 


3.0 = 


: 34.65 


2 


27.8 


X 


5.1 = 


: 141.78 


3 


31.5 


X 


6.4 = 


: 201.60 


4 


34.1 


X 


7.2 = 


: 245.52 


5 


38.0 


X 


9.0 = 


: 342.00 


6 


15.85 


X 


6.7 = 


: 106.195 ■ 


9 or 8b 


X 158.80 


1071.745 










1429.2 










-810. 










9)169094.5 










6)18788.3 



3131.38 cu. yds. 

As stated in introductory paragraph, the method of 
combining consecutive vols, of equal leugth in series is 
common ; but the formulae used for this purpose are 
various. We have been able to find none more concise 
and fit for combination that those of this paper. For 
instance, as an example from a popular book, Mr. 
Henck, to calculate above series, would use a table of 
ten columns. [See example on page 105 of his Field 
Book.] Three of these are cols, of prods.; five cols. 

* ♦ ^ 

must be summed, the first one three separate times, 
omitting certain values in each addition, the second 
also three times, and the third twice, making in effect 
ten cols, to be added. The work under the cols, is 
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proportionailj long. In the formulsB of this paper tlid 
variables are reduced to two, the width and centre, and 
all the other values, being constant, are eliminated from 
the calculation of each cross-section and used each 
once only in a series. 

Evidently by this method an entire cutting or bank 
cannot be considered in a single series, if it contain one 
or more vols, of minor length, which not only interrupt 
the series, but must themselves be each calculated sing- 
ly. From this it would seem at the outset a great 
convenience to be able to compute the whole cut or fill 
in one operation, regardless of the no. of minor vols, or 
the variety in their lengths ; but the nature and extent 
of this advantage will become more clearly apparent as 
we discuss the manner of obtaining it. 

Let a represent the area of one end of a vol. whose 
length is D / let b represent the area of the other end, 



— D'---^ 



I 



iD--- 



and c the area of an intermediate cross-section, distant 
2>' from a. Then 

yo\.=~xD'^~y.{D-D')=}iD(p+c)-\-lD\a-h). 




D" 



i 



« 

Bepresenting another intermediate by d, we obtain in 
the same manner for the vol. 



JJ0(6+c)+i2?'(d-6)-hi2?"(a-c). 



n. 




? ~ - n'-^^--^ 



- . 2)'- 



With third iaterm., c, we have 



i2>(6+c)+iJ9'(d-i)+iI>"(e-c)+J2)'"(a-d). 



It is noticed that the first terms of these formulse are 
identical, being in every case the prod, of half the 
entire length of vol. by sum of areas of last interm. and 
last end. The remaining terms we call the <?orrections 
for interms., each term being the correction for one 
interm., having for its coefBcient the dist. of that interm. 
from first end, and for a quantity within the parenthesis 
the difference of sectional areas next one on each side. 
This arrangement of values remains unaltered, consid- 
ering any no. whatever of iuterms. 

Substituting in place of symbols a, 6, c, <fec., in the 
expression for three interms. the formula for areas of 
railroad cross-sections, the positions of lo^ w\ dtc, mark- 
ed in diagram, the centres of same sections accompanied 
by corresponding strokes, and reducing, we obtain for 
content of vol. with three interms this expression. 



( 



v/y + w'd + Sb{w'' + v^) 



-^)m 



J w">i3"' -w'c' + Sb{w"' -w') j^ 

( 



+1 tt/"'c""-tt/ 



+(««— 1 



w"'c"'+ 



'&'+Sb(w""-w")\^ 
Sb{w-w"') )g 



/// 

108 



The expression representing ordinarj process is 



1^ 



VK + tc""c"" + Sbiiv + tc"") - 



\D"' 



/ w''"c""+ t&''c'" + 8h{io"" + iv'") - 4:81? \ —^^ 
+1 w'"c''' + i&'d^ + 8b(:w^'' + XV'') - 481? )— j^' 
+( 10" d' + xdd + 8h(xd' + id) -48h^\ 



D-D' 
108 

These expressions contain each four priucipal terms : 
of the latter, each term includes the subtraction, —456^, 
while only one term of the former contains this sub- 
traction ; and this term, having, for coefficient the 
length of a full vol., D, we intend to combine in series 
with the other full vols, of out or fill, where this sub- 
traction will be eliminated from the term and supplied 
by the common subtraction of the series. Therefore, 
by this new method of calculating minor vols., the 
subtraction, —45^, otherwise unavoidably present in the 
formula of each, is virtually eliminated from all. Again, 
three terms of the former contain the differences of 
sectional prods, and widths, instead of the sums, a very 
important feature of brevity in favor of that expression. 
Furthermore, for coefficients the first expression has 
Z>, the length of full vol., always 100 ft. or some other 
easy factor, and Z)', D", D'", the actual dists. of interms. 
as recorded in field-book ; whereas the latter has only 
one coefficient as noted, the other three being found by 
subtraction. These points of brevity belong to this 
method when treating a vol. with single inter m., but in- ' 
crease in value with the number of interms. 

As lately remarked, the first term, whose coefficient 
is 2>, we shall include with the general series, leaving 
the remaining terms to serve as a coiTection. This 
term, as before shown, is the same whatever be the 
number of interms., always being sinailar to the formula 
for the whole vol. except that the prod, and width of 
last interm. are used instead of those of first end. The 
formulae of correction may be reduced to the following 

Rule of cor. for any no. of interms., being the amt.in 
cu. yds. to be added to the content found by areas of last 
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interm. and last end, multip1ie(J by half the length of 
entire vol., to find the true content of a vol. whieh has 
any no. of -intermediate cross-sections. 

Multiply the dist. of each interm. from first end by the 
sum of these ttoo differenoes, viz: the difference of the 
prod, of the section next before and the prod, of the section 
ntxtfolhivingy and the difference of the sectional loidth next 
before and toidth of the next section foUoiving^ the loiter 
difference multiplied by 8b. Divide all by 108. 

Now, it is clear that to calculate the contents of a cut 
or fill we may regard it as having full stas. only, and 
use the original rule for solution, with the exception 
that vols, containing interms. must be calculated by 
means of last interm. and last end cross-sections instead 
of by end areas ; and afterward apply the rule of cor. 
for interms. just enunciated. It only remains, then, to 
reconstruct the original rule so as to provide for the 
above-mentioned exception to the former plan, when 
we shall have a guide to a very simple and uniform 
method of calculating the contents of a cut or fill. 

If the first vol. of cut or fill contain interms., by the 
foregoing exception we disregard the width and prod, 
of first cross-section and use instead those of last interm.: 
but, if interms. occur in a middle vol., half whose first 
end-section belongs to the vol. next before, we omit 
half only of its prod, and width, and use instead those 
of last interm. This being the only alteration in the 
original formula for series of equal-lengthed vols., we 
shall now restate it, including the exception for interm. 
sections. 

BuLE for a near approx. calculation of the entire 
contents of a cut or fill bet. end full sLas. 

Add all the midividths, eoccept those followed by interms., 
of tvhich add the half-ividths increased by the half --widths 
of last interms. Add to this sum the half -width of last end- 
section; and the half-ividth qf first end-section, except it be 
followed by interms., in which case omit it and add instead 
the hcdf-ioidth of last interm. Multiply this sum by Sb, 

Add to the above the fuU. prods, of sections where fvU 
tvidths have been used, half -prods, lohere half-vndths have 
been vsed, and no prods, where tu> widths have been used. 
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From this enHre sum svhtrad 2 8V multiplied by the no. 
€f vols. het. fiH etas. Multiply remainder by diet, bet, 
oanseculitm faiU akui, and divide by 54. 

Apply the rule of oar. for interms. 



Let OS apply this rule to the following extract from 
field-book, where the fall stas. are 100 ft. apart;, the 
slope 1 to 1, and roadbed 18 ft. wide. 



Sta. 


Oentbe. 


liKvr. 


Bioui 


1 


4.1 


T*:* 


Til 


+*0 


55 


tI;* 


ri.i 


2 


5.4 


rf:-!- 


ri.i 


3 


5.9 


Ti:* 


tJ:* 


4 


6.3 


T*:f 


ri.i 


4-37 


4.5 


T*:^ 


Ti.i 


+ 74 


7.2 


T*:* 


Ti:i 


+ 88 


7.6 


T*:* 


Tf:f 


5 


7.0 


Tt:-f 


T*:* 


6 


8.0 


ri.i 


T^.i 


7 


8.6 


Tf:-f 


Tf.f 


+ 19 


7.7 


T*:i 


rf:* 


+ 50 


7.4 


ri.i 


Ti:+ 


8 


6.9 


ri:i 


ri.i 


+25 


6.8 


Ti:i 


Tf:f 


+ 76 


6.0 


t4:I 


■rf:* 


9 


5.1 


T*:* 


T*:i 


10 


4.8 


t4:-1- 


t* 



•' .. V I ... . 
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Sta. Widths. 



266.4 



Gen. 




Pbods. 



71.& 
149.04 
169.33 

94.5 



124.26 
221.9 
272.0 
152.22 

114.33 
109.365 

81.9 

128.01 

55.44 



101.68 

149.04 

189.0 

122.4 

228.96 

248.52 

221.9 

304.44 

255.64 

228.66 

218.73 

216.92 

163.8 

128.01 



1743.795 
2397.6 
^1458. 

+ ai85 . 

9 )269158.0 
6 )29906.4 

4984.4 OIL yds. 



OonHEcrnoii. 



- 2902 



- 1616 
-12996 
+ 700 



+ 2209 
+ 2521 

+ 2363 
+11368 



-17414 
+19061 
+ 1637 



Id 

Mode op Operation. 

Make col. of stas. and interms. as in field-book. 
Opposite under word Widths make two cols., the second 
of fall widths to be used for cor., the first of widths and 
half widths according to rule. The rule of cor. for 
interms. considers full widths only ; therefore, since the 
first col. may contain either full or half widths, it is 
convenient to fill a second col. solely with full widths, 
where required, especially for the cor., the places where 
these full widths are necessary being the sections next 
one on each side of each interm. The first col. Jias, 
according to rule, entire widths at mid stas. and half- 
widths at end stas., with the exception that, if the first 
sta. be followed by interms., the half width of last 
interm. is used instead, and, if a mid sta. be followed by 
interms., half only of its width is used, and in place of 
the other half is used the half width of last interm. 
section. These cols, are formed together by adding 
jnentally from field-book, setting down the widths and 
half widths in each col. as required. But where so 
many interms. occur as in this example it is more 
conYenient, perhaps, to fill the second col. completely, 
since it must be nearly filled as it is, and afterward 
transfer the widths and half widths to first col. Next 
under word Prods, construct two cols., each containing 
the prods, of centres by the values in corresponding col. 
of widths. Both these cols, are also formed at once by 
multiplying each centre by most convenient number 
opposite in cols, of widths, setting prod, in corresponding 
col. of prods., and Qiultiplying or dividing by 2, merely 
transferring or entirely omitting, as the case may be, to 
find the prod, for the otb^ col. Add the first col. of 
widths and the first col. of prods., as before. For the 
cor., multiply the dist. of each interm. from next full sta. 
before by the dif. of prods, in second col., one on each 
side of interm., added to 9 times [=/S'6] the dif. of 
widths, one on each side of interm. in second col. of 
widths, always subtracting the lower from the upper, 
using the consequent plus or minus sign, and setting 
result in col. of corrections. Since this col. must be 
divided by 108, it is unnecessary to consider decimals : 
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for, ussuming the decimals to average half a unit each, 
216 interms. must be present in a cut to make the sum 
of these fractions amount to 108 units, and this is merely 
equivalent to 1 cu. yd. Moreover, as these corrections 
have opposite signs, a far greater no. of interms. would 
be required to make a dif. of a cu. yd. by their decimals. 
For first interm., add (101.68-149.04), or -47.36, to 
(24.8-27.6) X 9, or -2.8x9, or -25.2. The sum is 
-72.56: this multiplied by 40 is -2902. For interm. 
at sta. 4+88, we have 228.96-221.9+9 X (31.8-31.7) 
= 7.96. 7.96 X 88 = 700. Instead of dividing total cor., 
1637, by 108, transfer half to results under col. of prods., 
which have for a divisor 54 ; but, since these results 
must be multiplied by 100, move the decimal point of 
correcting quantity two places to the left. 

Concerning the brevity of this method, we have already 
demonstrated its advantages when applied to single vols, 
with interm. cross-sections ; and of course all the advan- 
tages of tbe parts are collectively the advantage of the 
whole system, when used to calculate in one series the 
entire cut or fill, over the old method of dividing into 
several series and many single vols. But there are, 
besides those already discussed, certain merits peculiar 
to the system as a whole that were not noticeable while 
considering the single vols, alone. These merits consist 
rather in avoiding several disadvantages, which in the 
old method are unavoidable. 

Thus, by the old method, the work being computed 
in separate series and single vols., the end sections of 
these series and vols., except the first and last cross- 
sections of cut, are common each to two series or vols., 
and must each accordingly be included in the calculations 
of both ; so that to estimate a cut or bank containing 
numerous interms. necessarily the prods, and widths of 
many cross-sections must be treated twice. 

Again, it is evident by the mere mention that a 

system of numerous separate series and vols., the 

quantities of each by itself to be added and modified 

by. .the common factors of the series or vol., the final 

results of all a§;ain to be combined, necessitates the 

employment of more time and greater space than does 
2 
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this method of compactiDg all the qaantities in one set of 
cols., once to be added, and once only to be modified by 
the factors common to all. 

It is likewise as evident that this method of calcula- 
ting an entire cut or bank in one concise table is more 
neat, scientific and convenient than the ordinary manner 
of separate calculation; and that it is therefore also 
more fit in shape to preserve these calculations. 

For these reasons, illustrating the advantages of 
brevity and convenience, we advocate the practice of 
this system of calculation, wherein all the full vols., 
whether pure or containing intermediate cross-sections, 
are computed together by one rule, and all the inter- 
mediates by one correction. 

The value of these points of brevity, stated here in 
the abstract, will be fully appreciated if the above 
example be examined with this regard. Without using 
the plan of including interms. hardly any of the advan- 
tage of combining vols, can be gained, because scarcely 
two together of the example have equal length. The 
first vol., 40 feet long, must be considered alone, its 
widths and prods, separately added, the former sum 
mutiplied by 8b, then added to the latter, a subtraction 
made, and finally the result must be multiplied by 
40. In fact, nearly all the work under the cols, of the 
example as solved by corrections must be done for that 
single vol. The same is true of the next vol, 60 ft. long. 
The next two vols, may be calculated together, the fol- 
lowing four singly, the next two together, and all the 
rest singly, making fifteen separate operations to be 
performed, each containing all the elements of the whole 
example. Again, the cross- section at sta. l + 40 must be 
used to find the content of first vol. ; it must also be 
used in another calculation for the second vol. The 
section of sta. 2 must be used with second vol., and also 
with the following series. Sta. 3 need be used but 
once. With the exception of the first and last stas. 
always, and in this case of stas. 3 and 6, every sec- 
tion must be used twice. This alone requires 14 
extra lines. And, since the calculation thus oon* 
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Bists of 15 distinct operatioos, each requiriDg for the 
sum of its prods, one line, a second for sum of widths, 
a third for the subtraction, a fourth for the sum of these 
three, and a fifth and sixth to find the prod, of this sum 
by length of vol., there must be 15 X 6, or 90, lines to 
accommodate the operations under the cols., instead of 
the 7 of our illustration. This is an addition of 83 
lines, which with the other 14 make, besides the proba- 
ble intervals between the different operations, the last 
a consumption of space not time, 97 extra lines for the 
calculation. After all this the results of the single vols, 
must be added and the sum divided by 108 to find the 
cu. yds., and the sum of the results of the different series 
must be divided by 54, the last two sums finally com- 
bined to make the answer, this summing of results being 
equal in space to a col. of our illustration. The relative 
amounts of actual figuring is thus perceived. 

Of the method by correction the extra col. of widths 
and that of prods., although increasing the apparent 
bulk of the operation, contain no real extra labor except 
the mere writing of the numbers ; for, whether to find 
the full or half widths of sections for first col., the full 
widths must of course be first found, and we have only 
to set these in the second col. where required. In cols, 
of prods, the full prods., half prods, and blank spaces 
occupy positions corresponding with the full and half 
widths and blank spaces of the cols, of widths, requiring 
a mere transfer from one col. of prods, to the other, or 
at most simply a doubhng or halving of values. 

By the old method as many operations must be per- 
formed, with a dist. less than 100 ft. as a factor, as there 
are minor vols., 12 in this example : by the correcting 
method a dist. less than 100 ft. is used as many times 
only as there are interm. stas., 8. 

Begarding the differences of widths and prods., used 
in the new method, opposed to the sums of these, as 
used in the old, let us examine the example. Subtract- 
ing one width in the second col. of widths from 
the second above, in every instance cancels the 
figure of the tens place, leaving only a figure in the 
units place^ with generally the decimal; while some- 



times, as for the interm. 4+88, where 31.7 is taken from 
31.8, both the figures of tens and units places are 
removed. But to add two widths gives a far more 
considerable number to use as a factor. Differences in 
the col. of prodB. in almost every case lose the figure 
of himdreds place, and occasionally of the tens place 
also, as for interm. 4+88. The sum of two prods, is a 
much more troublesome number to use. 
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CORRECTION OF APPROXIMATION. 



The foregoing method of calculating earthwork is 
approximate. To find the true contents we use a for- 
mula of correction, which is obtained in the following 
manner. It is well known that the exact content of a 
YoL of earthwork is obtained by use of the prismoidal 
.formula, whether the ground be a right plane, or the 
more general hyperbolic paraboloid or warped surface. 
That is, to find true content add to the sum of end areas 
four times the area of a cross-section midway bet. ends, 
and multiply sum by ^ the length of vol. Let 

be the end areas of a vol. of earthwork. Then ^ {lo+v/)^ 
^(c+c') are evideotly the width and centre of mid-sec- 
tion, and its area is 



i{w+w')l^-^+8b\^8li'. 



Multiply this by 4, add thereto the end areas, multiply 
all by ^ Z>, and divide by 27, to obtain in cu. yds. 

"" I +38b{w+w^)-12SV' I'm' 

This formula would prove very unwieldy to carry 
through the calculations for series of vols., especially in 
the coDsideration of interm. stas. The same results 
may be obtained in a simpler manner by using the dif. 
bet. true and approx. contents as a correction. Sub* 
tracting the approx. vol., 

(tvc+w'&+8b{w+w')-'4t8b^)^, 

from the true, we have for the error or correction 



S2 

' — or — ' 

324 324 

The advantages of using a separate correcting formnia 
are the following: 

If it be desired to make only a hasty approx.^ estimate, 
we have a short method by the approx. formula ; whereas, 
were the table of operations constructed upon the pris* 
moidal formula, a great amount of unnecessary work 
would be unavoidable. 

Even if the true contents be required, it is found by 
trial to be much easier to approximate first and after- 
ward correct than to use the exact formula at once. 
Thus, to find true content of single vol., we may use the 
approx. formula and afterward the correction in its sim- 
plified form on the right ; but to combine these the cor. 
must be augmented to the difBcult shape on the left in 
order to be taken into the parenthesis. The dif. of labor 
is still greater in the coinbinations of vols. 

Another very excellent advantage is the facility with 
which, by means of the correcting formula, it may be at 
once determined whether a cor. is required at all or not, 
thus frequently saving much unnecessary labor. Sup- 
posing the widths of end-sections to be eqaal, we see 
immediately by the correcting formula, 

(w;-t/7')(c'-c)^, 

that the cor. is nothing, while the pris. formula requires 
as much labor for this case as for any other. The cor. 
would also be nothing if the centres were equal. Again, 
supposing the centres to vary by one-tenth [0.1], the 
length of vol. being 100 ft., the widths must vary by 
32.4 ft., scarcely a possibility, to make an error of 1 cu. 
yd. : of a vol. 50 ft. long they must vary 64.8 ft. Hence 
it is seen that, where the widths or centres of a voL 
vary by a few tenths only, the cor. is immaterial. Now, 
since in any series generally from ^ to ^ of the vols, 
need no cor., we are able to achieve a correct result 
within a veiy small fraction with comparatively little 
work by the aid of this method of selection, as will be 
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shown in correcting the last example of approximate 
work. I 

Another inference to be drawn from the correcting 
formula is tbat, where the width and centre of one sec- 
tion are both greater than those of the next, the cor. is 
a minus quantity ; where one measurement is greater 
and the other less, the cor. is plus: and, since,, when 
one measurement is greater, the other is likely to be so 
too, the approximation of earthwork by end areas is 
generally an over-estimate. 

We see by the formula that to correct a vol. the dif. 
of widths, found by a subtraction in one direction, must 
be multiplied by the dif. of centres, resulting from a 
subtraction in the opposite direction, this prod, multi- 
plied by the length of vol. and divided by 324. Apply- 
ing this rule to the second vol. of first example, we have 
vndth at sta. 2 [27.8]-?(nWi at sta.* 3 [31.5] = -3.7: 
centre sta. 3 [6.4] --cmtre sta. 2 [5.1] =1.3, -3.7 x -1-1.3 
X 100 =—481. Set this in an extra col. Treat each 
vol. in like manner, remembering first and last numbers 
in col. of widths are half widths. We here represent 

the col. of corrections of first example. The 

PBis. COR, sum,— 3827, divided by 324 is —11.81 cu. yds. 
This added to the approx. result yields for 
the true answer 3119.56 cu. yds. In the sec- 
ond example the dif. of widths of first vol., 
by subtraction downwards, is —2.7, of cen- 



- 987 

- 481 

- 208 

- 702 

- 1449 
12)3827 *^'®®' ^y subtraction upwards, is -l-l.l. —2.7 

9)319 X -h 1.1 X 40= —119. The cor. of second vol. 
3)35 4 ^® instantly discover to be inconsiderable, 
— iTlJl Cor because the dif. of widths 

313l!37 Approx. con'ts. is only one tenth. This 
3119.56 True con'ts. ^or., if calculated, is found 

to be no more than t^ij- of 
a cu. yd. Bet. sta. 4-1-74 and sta. 5 the corrections are 
too small to be considered, because its vols, are short 
and the centres differ by a few tenths only. In this 
example 8 vols., of the total 17, need no cor., a fact 
discoverable by the formula without actual labor. The 
error of the 8 vols, is altogether only ^ of a cu. yd. 
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At the expense of | of a ca. yd. more, CoRBEonoOT. 

the cor. of 4 other vols, may be dispensed 

with. So, nsing the correcting formula, 

we may take as little trouble ns we 

please, or, on the other hand, attain as 

perfect a result as desired. 

Instead of dividing the sum of this 
col., —1504, by 324, move the decimal 
point two places to the left, and, di- 
viding by 6, place the result with those 
under col. of prods, as was done with 
the sum of coiTections for interm. stas. 
The cor. of first example may be like- 
wise treated. 

Decimals need not appear iu the col. 
of pris. cur, for tjie same reason that 
affects the decimals in the col. of cor- 
rections for interms. 



- 119 


- 55 

- 52 

- 136 

- 584 



- 230 

- 84 





-184 


- 60 



12 )1504 

9)125 

3)14 

Corrections — 4.7 
Approx. con'ts =4984.4 

True con'ts =4979.7 
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LEVEL SECTIONS. 





^r-' 




The sarface line of a cross-section may be unbroken 
at centre stake, as shown in first diagram ; and for this 
case some authors construct especial formulaa, using the 
symbols of side-heights instead of centre. But such form- 
ulsB require greatly more labor than those which use the 
centre height ; and since the last is always kftown, and 
the section itself is susceptible of division into the four 
triangles upon which the formulsa of this paper are 
based, there is no need to consider this an especial case. 
But if the surface be level, as frequently occurs in long 
stretches of river bottom and prairie lands, all the for- 
mulae may be appreciably reduced. Thus for the area, 
substituting in the formulsB 



hto{c+8b)-8U' 



2c 



the value of w in terms of c, [w;=26+--,]*and denoting 
for convenience the entire road-width by B, we obtain 



Levd area=Bc+-^ f 
Jpprox. t;rf.=( -B(c+c') + -(c^+c'^) J— , 



or 
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/ 1 \J> 

N vds. = ( 5(c + 2c' + &c.) + -J(? + 20^2 + &c,) |— , 

{'B{m{d'Ce)if res +^ end-centres) j ^^ 
1 , . _ ., , _ „ V — , 

^mia-ceiitre^r + ^ end-centres^) \ 27 

Pris. cor. = — -ri^dp — c')^. 

Let us illustrate by the following example, found on 
page 99 of Henck's Field Book, where 5=28, i=f, 
and the centres as recorded in col. headed c, except 
first; and last, which in agreement with the formula are 
halved : 

8ta. c (? (c-cO* 

«— • «... _, * 



1 4 16 4 

2 7 49 9 

3 G 36 1 

4 10 100 16 

5 7 49 9 

6 6 36 1 

7 2 8 4 

44 



1 


2 


4 


16 


7 


49 


6 


36 


10 


100 


7 


49 


6 


36 


2 


8 


43 


296 


28 


— 71 


1204 


288§xf 




433 




1204 




9 163700. 




3 18188.9 



6063. cu. yds. 

This table of calculations for level sections is identi- 
cal with Henck's and others' in cols, headed c and c^, 
but differs from all others in last col., which Henck fills 
with prods, of each pair of consecutive centres. The 
difference arises from the use here of the correcting 
formula instead of the exact expression for the whole 
contents at on6e : and the advantages attending the use 
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of the separate cor. are the same for level sections as 
for the others. Thus, although the example above is 
too simple to show a marked difference, it may readily 
be conceived how it is far easier to get the difference 
between two consecutive centres, frequently having a 
very small remainder and with fewer digits, and square 
this, than to find the prod, of the sam^. In proof of 
this we may point out the fact that, while the sum of 
the last col. as above is only 44, the sum of the last ooL 
by Henck's method for the same example is 274, results 
indicating directly the comparative bulks of operations 
necessary to fill the respective cols. 

It is noticed that the cor. embraced by this col. is al- 
ways a minus quantity for level sections. The divisor 
of the sum is 6 times as great as the divisor of the next 
col. ; wherefore divide the cor. by 6, setting quotient as 
obtained under next col., subtract, divide by S [=f], 
add in the prod, of B [=28] by sum of 2d col., and for 
cu. yds. divide by 27. When /8'=1, we need simply add 
296,— 7 J and 1204. Henck used the value |^ for -i in 
this example because it makes his formula easier. 

Intermediate stas. rarely occur on level ground, and 
more rarely would they happen to be level also, so the 
cor. for interms. need not be reconsidered, though if re- 
quired it can easily be constructed and applied. 

Of course, where but several level-sections occur in a 
cut it is not advantageous to alter the mode of calcula- 
tion or remove them from the general tables, where 
they are as correctly treated as the rest ; but where 
many such sections follow each other consecutively, the 
method last discussed is a sensible improvement upon 
the former. 
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IRREGULAR CROSS-SECTIONS. 



OvEB very uneven ground cross-sections of earthwork 
must necessarily be exceedingly irreg.; and such, it is 
seen, must interrupt the series of vols, in which they oc- 
cnr^ so that by the formulsB already established no entire 
cut or fill, containing one or more irreg. sections, can be 
calculated in one operation. As far as we have seen, 
no formulae have been constructed for this class of sec- 
tions, mere hints being given for their convenient com- 
putation, as, regarding the diagram, to find areas of 
trapezoids, r u u' r', u u' t' t, c£c., and subtract from 




their sum the outside triangles, r. r' r", I V I", or, di- 



viding into triangles, to solve r r' u\ I V p', singly, 
and in pairs all the other triangles, k^ r u u' +u u' t=^ 
uu'xt' r\ dtc, subtracting outside triangles from the 
sum. We submit the following demonstrations, whose 
object is to combine vols, bounded by irrr^. sections 
in the same series with the reg. 

In the accompanying diagram is represented the right 




portion of an irreg. section of one " break," the broken 
surface line being above the straight line drawn from 
the surface at centre to top of slope, the latter showing 
the surface line of an imaginary reg. section of same 



X : x—m' : : c—r : a . .*. a= 
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base, centre and slope. The area of a whole reg, sec- 
lion IS 

of right portion, letting x represent width, 

Adding to the latter area the triangle above the reg. 
portion, we have the area of the irreg. section. Let m 
be the height of vertex of break above grade, m' its dist. 
from centre. ' Draw a line from top of slope parallel to 
base, making a triangle with line to top of centre and 
with the excess of centre height over slope elev.; also a 
smaller similar triangle, having foi^ a base part of m 
denoted by a. From these triangles we derive 

^{x — m'){c—r) 

X 

The part of m below the horizontal line 'is equal to r; 
therefore, subtracting r'\'a from m we have the portion 
of m included in the upper triangle, which multiplied 
by kx is the area of that triangle. 

Area triangle = ^a? (m — c) + ^m\c — r). 

Adding to the reg. portion of section, we have 

Area right section =:\x{m + 8b) + ^m'{c — r) — \8l?. 

If the break be below instead of above the surface 
line of reg.. section, the 

Area triangle =^\x{c — m) + ^m'{r^c) ; 

but in this case its area must be subtracted from the 
area of reg. section. Changing the signs, therefore, we 
have the same formula to add to the formula for reg. 
section as before. Hence, in all cases, the formula given 
above for the area of right-section remains true, whether 
the break be above or below surface line of reg. section, 
and, as may also be proven, whether the slope be 
higher or lower than centre. 

Consider the diagram representing a right-section 

"1 




1 



so 

with two breaks, cmnr is the surface line, c r the top 
line of reg. section. Draw en. As with last diagram. 

Area triangle c n r =: ■|^a;(n — c) + ■J^n'(c — r). 

Area triangle c m ii=-i^n'(c— ftt)+im'(n— c). 

If to the* formula for reg. part of section the first 
triangle be added and the second subtracted, 

Area right 8ectum= { ^'^J^,'^^^^^'!.'^^^"^ } • 

This formula represents any form of right-section con- 
taining two breaks. 

The formula for three breaks, p being the height of 
third from centre, and p' its dist. therefrom, is similarly 
found to be 

ix(p + Sh) -h^m'(c -n)+ in'{)n - p) + ip'(w - r) - iSb^ ; 

and we see that to find the area of a side-section with 
any no. of breaks we have only to use the height of last 
break from centre instead of centre height in the forma- 
la for a reg. section, aud afterward add one-half the 
prod, of the dist. of each break from centre by the dif. 
in height of the breaks next one on each side, the one 
farther from centre, on surface line, always being sub- 
tracted from the one nearer. The same being true of 
the other side section, we have this . 

BuLE to find the area of an irreg. section : 

Multiply one-half each side-width by the height of last 
break on that side added to Sb. To tJie sum add one-ha^ 
the prod, of the dist of each break from centre by the dif. in 
dev. of the breaks next one on each side, always svbtracting 
the one farther from centre from the one nearer. Svitract 

This method of calculating irreg. sections is similar 
in piinciple to the manner of treating interm. stas., 
before described, the dist. of each break from centre 
being multiplied by the dif. of heights of breaks liext 
one on each side ; and some of the merits of the plan 
are still perceivable in its latter application. For an 
irreg. section of five breaks, as illustrated in first dia- 
gram^ by the rule just given seven prods, must be 



fonDd, not so difficult as the seven trapezoids of the old 
^method, and instead of finding the areas of the outside 
triangles and subtracting them, we have only to deduct 
the constant quantity 8b\ When combined in series 
with reg. vols, this subtraction is eliminated^ as also the 
factor SI), making the process still simpler. 

But it is not to the simplification of the treatment of 
a single section, which must be confessed is compara- 
tively not great in case of the irreg. section, that we 
now tend, but to the construction of a formula for such 
sections that may be joined with the formulsB for the 
reg., in order to avoid the inconvenience of dividing a 
bank or cut, having one or more irreg. sections, into 
separated portions, each to be considered alone, and 
afterward treating singly the vol. on each side of every 
irreg. section. To obtain this formula, let v represent 
the left side-width of an irreg. section, m the height of 
a single break on that side, m' its dist. from centre ; on 
the right let n and p represent the breaks. 

Area ) { Left=^v(m+Sb) + ^m'{c-r)-^SV) 
Irreg. [ = < jUaM^ \ hx{p+Sb) + ^n'(c^p)l [ 

Altering the shape of this expression, remembering that 
w=v+x, we have 



Area irreg. 6€di(m=^8bw+^ 



Prods. 

vm+ocp 

m'(c-Z) 

7l'(c — p) 

p\n^r) J 



^SV". 



Area reg. 8ection=\Sbw+\ [ w;c ] — fiV. 

It is noticed that the first and last terms of the respect- 
ive formulsa are identical, and that the second occur in 
the same col., which may be headed Pbods. Therefore, 

Area any section =^{Sbw+ Prods.) —SV^ 

which formula may be carried with perfect facility 
through all the combinations discussed in former part 
of this paper, the only distinction bet. reg. and irreg. 
sections, as represented by their formulae, being in the 
definition of the word Prod., which for the former means 
the prod, of centre by widths and for the latter the sum of 
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prods, f each found by multiplying the diat, of a break by dif. 
.{f heigM of two adjacent breaJcs. [In case of prods, vm, 
xp the saxne rule applies, since the top of slope may b^ 
considered a breakdistant by t; or x, the next break nearer 
. m or p, and, no break being beyond, this may be consi- 
dered zero, whence we have, agreeing with rule, v (m— 0), 
X (p-0).] 

Therefore, the rule given for series of vols., as well as 
the rule for interm. stas., is perfectly applicable to irreg. 
vols. ; and in the table of operations the widths of both 
fill col. of Widths to be multiplied, together, by com- 
mon factor Sb^ the prods, of both fill col. of Prods, to 
be added together, and finally the common subtraction, 
—Sb^y is made once for both, as will shortly be illus- 
trated by an example. 

There is another class of cross-sections, which should 
perhaps be distinguished by the name defective or im- 
perfect, wherein the entire base of section does not ap- 
pear, as in the accompanying diagram, where the sur- 
face line dips below grade in right-section. Evidently 



_ ^^ m**^'- 





the portion of section above grade is excavation, and 
that below, filling ; therefore, if the surface line should 
be considered as it is, we should obtain as a result not 
the amt. of excavatipn nor of embankment, but the dif. 
of their quantities. As this dif. is rarely required alone, 
excavation and embankment must be considered sepa- 
rately. This is done by regarding the points where 
surface line crosses grade as breaks, and the surface line 
to be Imcnpr^ol which the values of n and p are 
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zepo. The area of tlie QectioaigJipw correctly repre- 
sented by the formula for an irreg. section of corres- 
ponding breaks, viz., 

\ + hn'{c-p) + Ip'in ~r)-Sf^ f . 

This formula may be obtained from the section directly, 
as well as from all that follow, by meaus similar to those 
used in conuection with irreg. sections ; and it may be 
verified by substitirting therein the actual values of the 
symbols. 

Take another instance where a portion of right-base 
does not appear in the section of excavation. Since in 




-^ 



the same series we must always have sections of equal 
bases, the base of this section must be prolonged on the 
right to the proper dist. ; and now the surface line is 
considered to he I c m r, of which m is the only break, 
and m and r zero. Its formulia, is accordingly 




The formula for the next section represented is 



3 
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84 
The next section maj be regarded as r^. sinoe its 




surface line is broken only at centre. Its formula is 

It is certainly not pretended that the formula, as ap- 
plied to such simple shapes as the last two or the next 
two foUowiog, simplify the same ; but it is shown that 
by means of this formula, as an expression of area, any 
possible shape of cross-section may be included in the 
series and thus cause no interruption, which is the great 
advantage we wish to obtain. Neither does this foimula 
augment to any sensible degree the calculation of sim- 
ple shapes, it being a mere form serving to direct the 
values to their proper places in the cols. Thus, for 
second section above, when in combination, the sub- 
traction, — Sb^, is eliminated, as also SB ; so we have 
merely to set in col. of widths the entire width, equal 
to the base of section, and for col. of prods, it is in- 
stantly seen that the first two prods, are zero, and the 
last two, m'Cy rile. Tlie toidth of an imperfect section is 
the fvR width of roadway added to tlve width of whatever 
sloping the section may have. 
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The formulse for the next two are in order 

\ +^n'{m-p)+^'(n-l)-Sb»' j. 
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The foimTila for eadi of the followiog two sections is 

I 




which is the general formula for irreg. sections, m being 
the first break, n the second, measured on surface line. 
The foimula for the next is rather long, but just as 

^.„f.c:^..^_4-.A 

easily constructed by the general law. Its surface line 
ialtpnmcghhr. 

The last section shown is merely of side trimming. 
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the road-bed not being fonped by excs^vation at all, yet 

the same rule applies and the same formula represents 
its area. The surface line is considered to be re m n p 
t g hklf o{ which the breaks are all in the left section. 
The first is evidently m, an imaginary pi, whose difet. is 
known to be the width of half base, and elev. zero; the 
second, n, the pt. where slope enters material to be re- 
moved. The formula need not be re-stated. This case 
is rare, but is here included to support the assertion 
that no possible shape of section, within limits of reg. 
slope and base, lie without the limits of the rule for the 
calculation of irreg. sections. 

We may now calculate approximately in one opera- 
tion any possible cut or fill. The reg. vols, maybe cor- 
rected by the formula already given ; while the irreg. 
may also be corrected by a somewhat similar formula, 
which we shall now proceed to find. 

First the general rule may be stated, which is easily 
susceptible of proof, but for which we shall not yield 
space here, that the jyrismoidol /(yrmula may he correctly 
applied to every vol. bounded by parallel baseSy hoioever dis- 
similar in shape and area, and laterally contained by a 
surface generated by a straight line moving along the per-- 
imetersof the bases as directrices. This includes all vols, 
bounded by warped surfaces and surfaced of revolution, 
which are generated by straight lines, and applies to 
the majority of shapes occurring in earthwork and ma- 
sonry. 

Irreg. vols, are generally very carelessly treated, on 
account of the great labor it would incur to calculate 
the data of mid-sections, then their areas, and after- 
ward apply the primoidal formula. Much of this labor 
may be removed by using a general formula for such 
sections, although this plan does not seem to have been 
hitherto employed. The method, often used, of con- 
verting end areas into equal level-section areas, and ap- 
plying to the resulting vol. the pris. formula, is extremely 
faulty. In fact, irreg. vols, should be very cautiously 
calculated, as the ratio of error incurred by using ap- 
prox. methods is immensely greater than when the 
same are applied to reg. vols. 
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In illtistreition of this, consider the right side of an 
iiTeg. YoL, shown in diagram with numerical values, m 




and Jl/ being the breaks of the two sections, supposed to 
represent the features of the same hollow, extending 
from one section to the other, m and M are therefore 
considered to be connected by a straight line dividing 
the two surfaces m c c' M, ra r r' Jf, one warping from 
mc to M c', the other from mr io M r'. Tlhe half-base 
is 9 ft., slope 1 to 1. 

Area triangle c ra r=^a;(c— ?n) + ^m'(r— c), 

or il5(5-4) + ill(6-5)=13. 

dr'M= il4(10-7)+i6(5-10)=6. 

The vol. having these triangles for bases is bounded 
laterally by a surface generated by a straight line mov- 
ing along perimeters of bases ; hence its content should 
be calculated by pris. formula. Of mid- section the 
centre-height is -^, width ^^, elev. of break ^^, dist. 
^'^"^' y and slope height ^p. Substituting these in the 
formula for aVea of middle triangle, we have 



1 Z^+^l^ /c+c ' M+m 



)+l(M:$in.')(i 

or numerically, A. mid. ]tn.=6, 



M'-fIn'^/r-^r' c+c 



■'). 
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no greater than tlie area of small-end triangle. This 
serves as an illustration of a twisted vol., wherein the 
mid-section and consequently the content is much 
diminished by the twist. Here we have 

True t;oZ.=(13+6+4x6)i4i^=716| cu.fL, 
Approx. v6l.={l^+6)^^=950 cu./t., 

where it is Seen the approx. is a vast excess over the 
tme content : and, since this twisted prism must be 
subtracted from the vol. bet. reg. sections, the approxi- 
mation in this instance for the whole irreg. vol. falls 
short of the true content. Let us see. 

A. near tVregr. 5ec^.=i.l5(4+ 9) + ^.11(5- 6) -40.5 =51.5. 

A./ar irreg. «ec«.=i.l4(7+9) + i.6(10-5)-40.5=86.5. 

Approx, irreg. voZ.=(51.5+86.5)-4^=6900 cu./t. 

A. near reg. «cc<w)w=^.15(5+9)— 40.5=64.5. 

A. far reg. «ec^ion= ^.14(10 +9) -40.5=92.5. 

Approx. reg. vol. = (64.5 +92.5) J-p= 7850 cu./i. 
Pris. cor. for reg. t;oi.=(10-5)(15— 14)JSft;i=+41f cu.fL 

True reg. vol.= 7891| " " 

True content twisted prism = — 716| " " 

(( (( 



True irreg. t;oi.=265.74 cu. j/cf«.=7175 
Approx. irreg. vol. =255.55 " " =6900 



It t( 



We see that the approx. result for the irreg. vol. falls 
short 10 yds. in a true vol. of 266 cu. yds., only 1^ of 
which is recovered by application of pris. cor. to the 
whole reg. vol., while the remaining 8J yds. is due to 
the cor. of a mere strip of vol., whose true content is 
no more than 26.§ cu. yds. By this it becomes evident 
that it is vastly more important to apply the pris. cor. 
to vols. bet. irreg. sections than bet. reg., the cor. in 
this case for reg. vol. beiug but 1^ yds. in 292, whereas 
the cor. for the irreg. vol. is 10 cu. yds. in a true voL of 
266. 

To find the shape of pris. formula as applied to irreg. 
vols., consider a vol. bounded by irreg. sections, of 
which c, r, I, v, a?, are the centre, right and left slope 
elevs., left and right side-viridths of first, the same 




measurements of second correspondingly d^ r', Z', t;', a/. 
In the first are one break on left, elev. m, dist. m\ two 
breaks on right, elevs. w, j9, dists. w', p'; in the other 
corresponding breaks of alt. Jf, -W, P, dists. Jf' , ^', P'. 
The areas of these by rule are respectively 

+JJVr'(o'-P)+^P'(JVr-r')-i8'Z>^. 

The corresponding values of mid-section are found by 
dividing the sum of similar measurements of end- 
sections by 2. Its area is, therefore, 

+Kw'+i!fO(^-^)+i(n'+iVO(^-^ 

Multiply mid-section by 4, add thereto the sum of end 
areas, and multiply by -J- length, to find true vol. From 
this subtract the approx. amt., found by multiplying sum 
of end areas by one half length. The remainder is the 
pris. cor., being in cu. yds. 

+ K-ilfO((c'--ZO-(^-0) + K-J^O((o'-P)-(c-p))V5^^ 

+ (p'-P0((iV^-r')-(7i-r)) ) "^"^^ 

This is more conveniently expressed in words. The 
first term is the dif. of corresponding side-widths multi- 
plied by the dif., taken inversely, of corresponding last 
breaks on that side. The second term is similar. In 



40 

tlie third ieVm oke facto)* is the dif. of dists. of corrdd- 
ponding Ubi^^ h6m respective centres, and the other 
the dif., taken ihversely, of the quantities, which are 
multiplied by i^ose dists. to find Areas of respective 
sections. In the formulee for the arJBas of first and 
seooud se6tioDs we find the terms, ^ m' (c—l), ^ M (c' — Z'), 
which Krietised in Ihe approx. calculation, m'and iff' being 
placed in thSir ptbpet col., and c— i, c'— Z', in another ; 
so that to apply pris. cor. we have only to find a dif. 
by subtraction downwards in one col. and multiply it 
by a dif. found by Subtraction upward in the other col., 
•a method precli^ely similar to that employed for reg. 
sections. The third terhi is a type of all that follow, 
^ferefore We tnajr construct' this 

BuLE OF PRIS. COR. for vols. bet. irreg sections. 

Mvltiply the dif. bet. each two correspondtTig side-widths 
hy tJie dif., faJcen inversely, of the elevs. of last breaks on 
that side. To these prods, add the prod, of tlie dif. of dists. 
from respective centres of each two corresponding breaks 
by tlie dif, taken inversely, of the respective factors used 
vnth these dists. to find tJie areas of respective sections. 
^iXtifWhj the suik by -^ dist. bet. sections and divide by 27. 

This rule requires that the same no. of breaks be pre- 
sent in each end section of a vol., and that the breaks of 
one end be connected with the corresponding breaks of 
the other by straight lines. This arrangement is true of 
every vol., although the breaks may not appear in one 
section. In the example just considered it is perfectly 
obvious, whevfe the three breaks of one connect with the 
thteiid of the Other ; but sometimes one end section has 
ihore apparent brte?iks than the other. Thus, in pro- 
ceeding from reg. to irreg. ground the last reg. section 
is succeeded by an irreg. section of one or more breaks, 
which do not, however, originate in that section itself, 
biit gradually develop themselves from certain points on 
the profile of reg. section. These points must be ascer- 
tained in order to make a correct computation, and they 
i'ejir'esent the breaks of the reg. section corresponding to 
the actual breaks of the irreg. That these ridges and 
hollows do extend from one section to the other is self- 
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evident. The irreg. section should not represent iiierd 
local features, since its area and shape affect the vol. all 
the way to next section on each side. The ridges and 
hollows may be faint, but, if visible at all in one cross- 
section, their general course may be traced, and the pt. 
of intersection with reg. section nearly determined. 

The neglect of these fading ends is the source of 
great error, although at first thought it would be consid- 
ered perfectly immaterial to the result where the ridges 
and hollows might happen fo fade on the surface line of 
reg. section. We shall give space to one illustration. 




The vol. is bounded by a reg. and an irreg. section, 
whose measurements are marked in the diagram. Jl/, 
N, P, are the pts. on reg. section, to which the breaks 
of irreg. section are supposed to extend in one instance ; 
^y n, p, the pts., to which the breaks are supposed in 
another instance to extend. The approx. formula for 
content is 



Approx. v6l.== (prods, +Sbxvndths-'4c8b^)^ 



T» 
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applying -which to the 


example we 


have 
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-66. 


1310 








457.5 


1572.0 








1572. 
-1152. 

9)877.5 

12)9750. 



Approx. vol. in cu, yds.=8V2,5 

Now if the ridges and hollows represented in ineg. 
section vanish at the pts. 31, N, P, of the reg., these 
pts. may be considered corresponding breaks, and all 
the conditions for the application of pris. cor. are pre- 
sent. The distances of these pts. are noted in field, the 
heights being readily deduced, as by the formula h=a 
+^<^, where h is the height of intermediate pt., a the 
elev. of first end of line, b the elev. of second end, d the 
dist of pt. from first end, and I the horizontal length of 
line. Thus, if M'. N', P', aie 3, 2, 4, respectively, 

J|f=8+5^l5^>=r6.89, iV^= 8 +2^^^=8.63, 

Applying the pris. cor., 

(15i-13^)(6.89-9)= - 4.22 

(19-17^)a0-9.26)= + 1.11 

(5-3)((8-3J-(4-7))= +16.00 

(6-2)((8-"9.26)-(4-10))= +18.96 

(ll-4)((8.63-14)-(5-ll))= "Lidl 

324)3626. 
pris. cor. = + 11.2 cu. yds. 

When the breaks represented in irreg. section extend 
to the pts. Mf N, P, of the reg., the true content bet. is 

812.5+11.2=823.7 cu. yds. 
Jj&t it now be supposed that these breaks extend to 
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the pts. m, n, j9, distant 11» 13 and 15, and of elev. 3.9, 
12.1, 13.4. Apply cor. 

(15^-13^)(3.93^9)=: -10.14 

(19-.17^)(10-. 13.36)= -15.04 

(ll-5)((4-7)-(8-3))= -48.00 

(13-6)((4-10)-(8-13.36))= - 4.48 

(17-11)((5-11)-(12.1-14))= . -24.6 

324) -10226. 
pris. cor. in cu. yds. = — 31.56 

When the breaks of the vol. extend to the pts. w, w, p, 
of the reg. section, the true content is 

812.5-31.56=780.94 cu. yds. 

Therefore, if M, N, P, be the vanishing extremities of 
these breaks and remain unnoted, the approx. result falls 
short of the true content by 11.2 cu. yds. If, otherwise, 
m, w, p, be the fading ends, the approx. calculation is an 
over-estimate by 31.56 cu. yds. The total eflfect on the 
vol. occasioned by moving the extremities of breaks from 
the pts. M, N, P, to the pts. m, n, p, is a diminution of 
43 cu. yds. ; and by other arrangement of the pts. 
this may be made more than 50 cu. yds. 

It may be easily determined at a glance whether the 
eflfect of shifting the vanishing extremities be great or 
little upon the vol. In left irreg. section conceive a line 
to be drawn from top of slope to top of centre, and a 
warped surface to extend from this to the left surface 
line of reg. section. This divides the triangular warped- 
faced wedge ABODE from the main vol. ; and the latter 
is evidently not affected by the shiftiug of M along DE. 
But the triangular wedge is affected to the following 
extent. If B be moved along a line BF parallel to DE 
a certain dist., and the consequent increment of decre- 
ment to the wedge denoted by A, M remaining fixed, 
then the vanishing end M be moved along DE the same 
dist. in the same direction, B remaining fixed, the second 
consequent increment or decrement is equal exactly to 
^h. Therefore, to determine whether the neglect of 
noting the vanishing end, if, of a ridge or hollow 
be or be not serious, it is onb' necessary to notice 
the inclination of the lines AC, DE. If they are 



u 

parallel, change of position of M does not alter the con- 
tent of wedge ; but, if tbey are much inclined, the posi- 
tion of 31 is of great importance as already shown. 
Thus, to apply the principle, it is seen at once that the 
effect of shifting M in left section is far greater than 
can be produced by altering the positions of JSf and P 
in the right. 

It is thus apparent that to obtain all the data for a 
correct computation of an irreg. vol., both ends of every 
ridge and hollow must be noted, whether it fade out or 
not ; that i,^, each end-section must have the same no. 
of corresponding pts. connected by straight lines. To 
take these notes in the field is simple. If we find in 
taking cross-sections two adjacent sections have three 
breaks each, corresponding, no remarks may be made ; 
and in applying pris. cor. it will be taken for granted that 
these are respectively connected by straight lines, the 
nearest to the centi e of one section with the nearest of the 
other, the farthest with the farthest, and middle with 
middle, since they do not intersect bet. cross-sections. 
If one have four while the other has three, we have only 
to find the position of fading end of vanishing break in 
section representing but three : its dist. from centre of 
this section is placed in col. of remarks opposite this 
section. When the pris. cor. is applied, the four breaks 
of one section are connected with the three real breaks 
and the fading pt. of the other, according to their dists. 
from respective centres, as before. In all cases, after 
noticing what breaks of one connect with what breaks 
of the next, only the vanishing extremities of the other 
breaks need be noted, obtaining thus always an equal no. 
of pts. in each, which to counect accoriiing to the dists. 
from their respective centres. This will be fully illus- 
trated in the following example. 

The first col. of this extract from field book contains 
the nos. of stns. and interms, the second the centre 
cutting or filling, preceded, if the latter, by minus sign. 
The third col. lius the elevs. and dists. of left slopes, 
with the heights and dists. of interm. breaks, ranged in 
thtBir natural order. The fourth contains the right dists. 
and elevs. similarly arranged. The elevs. in all are 
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marked above the dists. of same pts. The fall stas. are 
100 ft. apart, the width of roadway 30 ft,, the rate of 
slope for the cutting is J hor. to 1 vert., represented 
here hj'-^=2=8. The slope of the fiUing is 1^ to 1 ; 
but we propose to calculate the excavation only, where- 
fore the left-widths of such sections as dip below grade 
on that side are considered to be 15 ft. In the col. 
headed Bemabes are placed the data concerning the 
ridges and hollows. For instance, sta. 1 being irreg. 
and sta. 1+50 reg., the fading extremities of the ridges 
and hollows profiled in the former must be determined 
in the latter. The left break is found to extend to 
centre of sta. 1 + 50, and it is so marked on a little line 
extending to the left from a vertical line representing- 
centre line. The right break extends to the top of slope, 
and is therefore recorded as 16.2 on the right of vert, 
line (these vert, lines appear rather contracted in the 
print.) Both these records are placed at the top of vert, 
line, leaving the lower end for possible notes connected 
with the next following section. But here none is needed 
as the sections fully correspond as they are. Sta. 3+20 
is irreg., therefore the corresponding pts. of sta. 3 must 
be noted. The left break extends to left slope, being a 
grade-line bet. the sections ; the right break extends to 
centre, whose dist. is zero. Stas. 3+20 and 4 do not 
correspond. A pt. on sta. 4 ^corresponding with left 
break of sta. 3 + 20 must be found, and a pt. on right of 
sta. 3 + 20 corresponding with second break pn right of 
sta. 4. The two right breaks of sta. 4 are found to 
merge into the one of sta. 3 + 20; the dist. 10 is there- 
fore noted in the remarks. One of the two breaks of 
sta. 4 disappears at centre of sta. 5, and is so noted. 
The other runs through sta. 5 and disappears at sta. 6 
at a dist. of 9 ft. from centre. Bet. stas. 6 and 7 a grade 
line runs from left slope of former to centre of latter ; 
these pts. are noted. This grade line continues to stas. 
8 and 9, appearing in these as breaks ; it must be noted 
in sta. 7 as a break corresponding with that on right of 
sta. 8. No natural example would be likely to have so 
many breaks vanishing and originating in so small a 
dist. ; it is only made so here to include all the cases. 
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For the approx. calculation of this piece of excava- 
tion the notes in col. of remarks are of course not 
needed, since they do not affect the areas of the sec- 
tions. According to the approx. rule on page 13, con- 
struct a table of cols., the 1st for stas., the 2d and 3d 
for widths, the nesti for oeotrea, two more for prods., 
and another for the cor. for interms. Finally add one 
col. for pris. cor. and one for extra notes. In 2d col. 
of widths set tbe full widths of reg. sections; .and place 
the centres of thefse opposite in col. of centres. For 
irreg. sections place in coL of widths the side-widths 
separately, and in col. of centres the factors used with 
these side-widths to obtain prods., namely,, the heights 
of last breaks ; also in 2d col. of widths place the dist. 
of each break, and in col. of centres the factor used with 
this, namely, the height of break next nearer centre 
minus the height of break next farther. Thus for first 
section we have directly from field-book, 16 x 1, 16.5 X 4, 
11 X (2-2), 9x(2~3); for sta. 3-1-20, 16x0, 22x6, 
8x(5-0), 10 X (5-14); for the next, 15x6, 23x9, 
llx(6-9), 15x(7-16); for the Iast,'l5x0, 26x0, 
11 X (0—20). These prods, form the 2d col. of prods. 
For the first cols, of widths and prods, merely transfer 
values in 2d coin, according to rule, that is, full widths 
and prods, for mid-stas., half-widths and prods, for two 
end stas. of work, with this exception, that half the 
widths and prods, of last interm. of a vol. must be used 
in place of half the widths and prods, of the full sta. 
next before. But this principle has been already dis- 
cussed. Siuce the first sta. is one of the two end stas. 
and, therefore, only half its value could be used, and 
since this half must be omitted in f^vor of the half prods, 
and widths of the interm. following, no transfer is made 
for sta. 1. For sta. 1-1-50 transfer half the width and 
half the prod. For sta. 2 transfer entire values. Trans- 
fer the half values of sta. 3, since it ia followed by an 
interm. For the interm. transfer half the width and 
half the prods. For all the rest exc^t the last trans- 
fer entire values, for the last half values. In first col. 
of widths are placed the letters L and s opposite break 
dists. of sections. These letters serve two purposes 
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First, they occupy all space of first col. except what 
should be filled with transferred quantities, thus pre- 
Tenting the possible mistake of transferring the break 
dists. also to first col. of widths. Their special use is 
to mark corresponding breaks while appljiug pris. cor. 
To apply cor. for interms. to first interm. we use the 
formula 

where w and P are the width and prods, of next section 
before, oir sta. 1, v/y P', the same of next section follow- 
ing, or sta. 2, ^8^6=2 x 15=30, Z?=50; the factor yfy will 
be used at foot of col. So we have 

0.1x30 + (-24.2) = ^21.2; -21.2x50= -1060: 

/orSta.S+20, -4x30+41=-79; -79x20=-1580. 

To apply pris. cor. to vol. bet. stas. 2 and 3, which is 
reg., multiply dif. of widths of end-sections by in- 
verse dif. of centres, and multiply by length of vol. 
-1.6 X 2 X 100 = - 320. The widths of vol. above differ 
by a few tenths only, wherefore its cor. may be safely 
neglected. For the cor. of irreg. vol. bet. stas. 8 and 9, 
we have arranged before us in perfect order the values 
considered in formula of pris. cor. The rule requires 
that the dif. of corresponding widths be multiplied by 
inverse dif. of last breaks, or of centres, if no break be 
on that side; also that the dif. of corresponding break 
dists. be multiplied by inverse dif. of respective factors, 
viz , those in col. headed oentre, used with these dists. 
to find areas of respective sections. In applying this 
rule advantage may be taken of the fact, already men- 
tioned in connection with reg. vols., that, if coiTCspond- 
ing values of two sections differ by a few tenths only, 
the cor. for the vol. bet., so far as affected by those 
values, is immaterial Thus, in the last vol. the left 
side-widths are equal, whence their dif. is zero, and the 
cor., as affected by them, is zero. Again, although the 
right-widths differ, their respective Victors are equal, 
and the cor., as affected by them, nothing. But for the 
third corresponding values the cor. is considerable, be- 
ing (ll-5)(-28-(-20))=-48, giving for the vol. 
4 



so 

^<-4800 to set in last col. Now, in a natural example of 
irreg. earthwork, the majority of vols, would have their 
corresponding values thus conveniently arranged in the 
table, making the cor. a simple matter. But here we 
have purposely considered numerous short breaks, mak- 
jjng vanishing extremities at nearly every sta. ; so the 
last is the only irreg. vol., to which the cor. can be di- 
rectly applied. For the others the notes taken in col. 
of remarks must be consulted. For instance, the r^. 
6ta. 1+50 must be treated as if irreg. to correspond with 
sta. 1, the dists. of its breaks being given and their 
heights found. So its factors would be, to correspond 
w^ith those in cols, of widths and centres, belonging 
to sta. 1, the following; 15.8x2, 16.2x2.4, 0x0.4, 
16.2 X— 0.4; that is, the sectional notes must be con- 
sidered as, ' ' 

Left Centre Right 

• 

But it is unnecessary to place the sectional notes in this 
form, as the proper corresponding factors may be taken 
directly from field-book. These factors being obtained, 
we proceed as before, using them in connection with 
those belonging to sta. 1 and presented in the table. 
Thus, since 16 and 15.8 vary by so little, zero may be 
accepted as the cor., so far as these values affect 
it. The cor. for next values is also zero. Then 
we have (ll-0)(0.4-0) = +4.4, (16.2-9)(-l-.(-0.4)) 
==—4.32. Sta. 3 must be arranged for sta. 3+20, as 
shown in supplementary col. headed Breaks. Al- 
though stas. 3+20 and 4 are both irreg., their breaks 
do not correspond, wherefore the left of sta. 4 must 
be arranged as if containing a break, and right of 
sta. 3+20 as if containing two. The left of sta. 4 
then becomes as shown in col. of breaks, where the 
right of sta. 3+20 is also seen. For the differences, 
from the left-width of sta. 3+20 as in table subtract 
the left width of sta. 4 as in col. of breaks ; the dif., and 
consequently the cor., is zero ; then from left break 
dist., 8, of sta. 3+20 subtract left break dist., 15, of sta. 
4i and multiply dif. by inverse dif. of their faAtors. Fqr 



51 

>tbe right-side measurements, use those in the table for 
«ta. 4, and those in col. of breaks for sta. 3+20. The 
right of sta. 5 must be re-arranged for sta. 4, and 
the right of sta. 6 for sta. 5. The fading end at 
sta. 6 is 9 ft. from centre; therefore A=6+®^^4^ 
=12, and the notes of the right section are, 6, V^, 
-Jf. The sections at stas. 6 and 7, although reg., include 
an irreg. vol., containing a hollow bet. its centre 
and left slope lines. Both sections must be arranged as 
if irreg. that this hollow may not be neglected. These 
arrangements are both sbown in col. of breaks, and must 
be considered together while applying the cor. Sta. 7 
must also be aiTanged to correspond with sta. 8. Stas. 
6 and 9 correspond. 

By the approx. rule [see pages 32 and 13] muliiply 
sum of widths by i8^6[=30], add prod, to sum of prods., 
and subtract 2S '\ n being no. of full vols., found always 
by subtracting the no. of first full sta. from the no. of 
hst lull sta. Next the rule directs to multiply by 100 
and divide by 54 ; but, since the cor. for iuterms. and 
the pris. cor. must be respectively divided by 2 x 54 and 
6 X 54, place ^ the first and ^ the second under col. of 
prods., moving the decimal pt. of each two places to the 
left, because the quantities with which they combine 
will be multipHed by 100 and thus carry the decimal pt. 
of theses corrections back to the proper place. 

It has been stated that a natural example would not 
be likely to have so many vanishing ends of breaks, and 
would, therefore, have its values arranged at once in 
convenient form for the application of pris. cor. When 
these vauishing euds do occur, the work of rearranging 
the sections containing fading ends is necessary to the 
true calculation by any method, as the demonstrations 
on t];4s point were independent of method. But, having 
found them, there can be no more convenient plan of 
applying the pris. formula than this method of cor. by 
using difierences of corresponding measurements, these 
being ranged before us in proper order. By this general-* 
method of calculating irreg. sections and including 
irreg. vols, in the series we have succeeded in calculat- 
ing in one operation ten consecutive vols.^ of which four 



are of minor length and eight are irreg. Withont iho 
method of including irreg. vols., every vpl. of the exam- 
ple above must be calculated singly, every cross-section 
but first and last be used twice, and the mid-section of 
every irreg. vol. measured and calculated. In fact, the 
inclusion of irreg. vols, in series serves, in the same 
manner as the inclusion of minor vols., to abbreviate the 
computation of earthwork, and chiefly to remove inter- 
ruption to the continuous calculation of a long series of 
vols, in one operation. By including both minor and 
irreg. vols, all interruption is removed from the thorough 
and exact calculation in one operation of any possible 
cut or fiill ; and the entire process is governed by but 
four rules. These are, the rule for the approx. amount 
with, its auxiliary rule for intermediates, here remem- 
bering the distinction between Prod, as referred to 
reg. and to irreg. sections, the formula of pris. cor. for 
reg. vols., and the rule of pris. cor. for irreg, vola^ 
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END VOLUMES, 



The method preceding embraces all of a cutting or 
bank bet. end fall stas., leaving to be calculated the 
?ols. tapering from last full stas. to grade lines. 

If there be a cross-section bet. last full sta. and grade 
tine, the approx. content bet. this section and last full 
dta. may be found by the formula 

if reg.y or in any case by the general formula 



(prods. + 8bx widths— 4:8b^)-^ 



F» 



and the pris. cor. by the rule. 

If the grade line happen to be unbroken and perpen- 
dicular to centre line, it may be regarded as a reg. 
section, whose centre and slope elevs. are all zero, and 
width the width of road-way, and the rules of approxi- 
mation and correction accordingly applied. 

But, if tbe grade line, represented in the diagram bet. 
pts. Ey F, Oy be broken or be not perpendicular to cen- 







tre line, for an approx. method suppose a plane passed 
through each side slope line of last section and centre 
grade pt., as rF^ IF in diagram. These divide end' vol 



64 

into three approx. pyramids, from which is obtained 
this 

BuLE for approx. calculation of vol. bet. end-section, 
tbis being reg., and grade line. 
Multiply area last section by dist to centre grade pt : add 
tlie prod, qf^bby sum of prods, of each slope height by dist. 
on that side to grade. Divide by 81. 

Applying this rule to the example, we gain as a result 
62.59 cu. yds. This is probably the simplest possible 
rule. 

Otherwise, by passing a vertical plane through each 
side grade pt. and centre of last section, the end vol. is 
again divided into three approx. pyramids, the side 
sections being bases of outer ones and side dists. to 
grade their heights, and of middle pyramid the centre 
elev. of last section being alt. and all portion of road- 
bed, unoccupied by side vols., the base. Then 

Content left pyramid=^Ev{c+8h)^\Sb^E. 
Content right pyramid = ^ Gx{c -t Sb)—iSb^ G, 
Content middle pyramid ^\F be, 

.-. End vol={(c-^Sh){Eo+ Gx)-Sb^{E+ G)+FBc)rh[, 

B representing full width of roadway. By this formula 
we obtain for content of example 

( (22xl8+17xl0)(8 + 12) ) ^.^ftl 

I -144(18 + 10)4-8 X 16 x24 [ vxixT-.^^ol. 

Tlie average of results of these two methods, 62.7, is 
always the exact content; but, as in this case, where the 
surface is not much warped, either result is safKciently 
near the truth. 

Another method in use is to divide end vol. into four 

« 

parts by three vertical planes, one through centre line 
and one through each edge of base, making two outside 
pyramidal vols., and two inner vols, having quadilateral 
bases and grade lines for edges. This requires much 
more work than either above approx. method. The re- 
sult of this method for the present example is 62;53 
cu. yds. 
If the surface line of last section be slightly irreg.. 
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any of tht^ foregoing ralea of approximation may be ap- 
plied, the latter preferred since longitudinal planes are 
apt to cross fewer breaks than the diagonals. Bat, if 
the breaks be important, making the grade line irreg. 
as well as the surface line of section, the ypl. should b^ 
divided by a diagonal plane through each warped sur- 
face. 
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ESTIMATION OF FINISHED AVORK. 



The completed work seldom coincides with the pre- 
scribed lines, except in' ordinary homogeneous earth- 
cats, and in embankments generally. When this is so, 
of course, the new cross-sections of actual excavation 
must be calculated ; and, since these have no measure- 
ments in common but are irregular all around their per- 
imeters, they cannot advantageously be computed in 
series, so that not only all the methods of brevity of the 
preliminary calculation are lost to the more important 
estimation of the final quantities but also the prismoidal 
correction. For instance, in the accompanying diagram 




rs 



C A' 



the section of excavation, limited by the full lines, must 
be estimated in the ordinary rude way by computing 
the trapezoids n Z', n m', c wi', c p', t p', t z\ r 2', and sub- 
tracting from their sum the trapezoids k ?*', h A", g Z', and 
the triangles g g" e, h h" e'. 

We propose to avoid this labor and inaccuracy by 
considering the lower outline, Ig ee' hk ?•, of the sec- 
tion of excavation as the surface line of a section 
having a regular base, ee', and slopes, e l, e' r; then 
calculating in one series by the method already ex- 
plained, usiug the cor. for interms. and the pris. cor., 
the amount of material through the whole cut remain- 
ing to be removed in order to expose the true slope 
and base lines; and finally subtracting this from the 
preliminary result to find the true content of the mass 
removed. The advantages of this plan are, briefly, that 



tlie necessity of uoticing the measuremeTits of thd upper 
part of perimeter is escaped, these being considered in 
the preliminary calculation, and also that the remaining 
measurements m^y be arranged in a series similif^r to the 
original, yielding a result with all the correctness of the 
prismoidal formula. 

The surface line of the section of remaining excava- 
tion, represented in diagram, islge& ehk r, of which 
the breaks on left are in order e and gr, on right c', h and 
h By the rule its area is 

This formula is very simple, especially in cpmbination, 
e, d and 6' being each zero. 

Sometimes the lower part of perimeter transgresses 
the proposed lines of slope, as in the diagram. The 

^ ACx 

1 I / *•*. 





rale still applies to finding the area of such a section, 
its value being minus in this instance, as it should be, 
because a minus amt. of material must be removed to 
briug the work to the proper slope lines ; and this 
minus amt., representing the work remaining to be 
done^ when subtracted from the original amt. prescrib- 
ed, leaves an amt. greater than that originally proposed, 
as the case requires. Occasionally the road-bed is 
excavated deeper than it should be; then c, m and g 
become minus (in case it be determined to consider the 
unnecessary work.) But to every possible shape the 
same rule applies, yielding positive or negative quanti- 
ties as it Efhould be : so no allowance need be made for 
certain positions of perimeter, since- the rule takes care 
of itself entirely, without other superintendence' than to 
follow it exactly, as may be verified by other methods 
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of calcnlatiDg the area. Of the section last sketched, 
the first break on right is at gr, the second at h^ the third 
at h, where the perimeter reaches the original surface 
nearer centre than is the top of prescribed slope. On 
the left the first break is at m, where the road-bed has 
been cut too wide, the second at n, the third at p, where 
the perimeter reaches the surface beyond the slope 
stake at I. Accordingly, the surface line of section to 
be calculated islpumc g hhr, the side-widths of new 
sections being always the same as those of the old, and 
its area is 

Of course, these sections can be arranged in a series 
like the original. The notes, for the pris. cor. are more 
easily taken on the finished work than on the original 
surface, because the outUnes are sharper, and the same 
features are likely to extend long distances, being oc- 
casioned by the dividing lines between strata of various 
hardness. 

The finished work may be divided into three general 
oases : 

1®. When the work after completion coincides with 
the prescribed lines, the material remaining to be re- 
moved is nothing, and the preliminary calculation serves 
for the final. 

2®, When the greater portion of the work coincides 
with the proper slope and base, but a few sections are 
found to be defective or redundant, the vols., represent- 
ing the work remaining to be done, bet. the latter or 
affected by them should be calculated, and the result 
subtracted from the result of the whole original calcula- 
tion. To illustrate this, suppose the finished work of 
the ^cample of excavation, last given in connection with 
preliminary estimates, to coincide with the prescribed 
lines at every cross-section except the first two. Let 
the final notes of these, together with those of the third 
cross-section, used to calculate second vol., be the fol- 
lowing : 
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At sta. 1, as shown in diagram, the base has been cut 
too wide on the right, and the left slope flattened too 
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much. At sta. 1+50 the work has been cut too deep. 
The 2d break on left of sta. 1 runs to left slope stake of 
sta. 1+60 and is so recorded in Bemabes. 

The sections being equi-distant; both vols, may be 
calculated together. Half the widths and prods, of 
first and last sections are used, according to rule. 
There being no interms., the 2d col. of prods, need 
not be constructed. The pris. cor. is inconsiderably. 
The result is —59.7. Subtracting this from the result 
of original calculation, the true content excayated is 
left 
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5143. =no. of cu. yds excavcUed, 

3®. When a large nmnber of the sections do not coin- 
cide with base and slope lines, or when such irreg. sec- 
tions are scattered and isolated, making many separate 
calculations necessary, it is better to make one operation 
of the final estimate, considering every section in the 
work, whether its area be zero or not. There is one im- 
portant advantage available in this case. Thus, the 
formula for original approx. content is ^ 

j mid prods, + J end prods ) 2) 

( -*- Sbfmid-undtlis + ^ end-mdths J —281/^71 ) 54' 

and the formula for approx. final content is the same ; 
wherefore^ since the widths are identical in both, the 
terms 

8b(mtd'tvidt/is -f ^ end-widths) — 2Sl?n 

vanish by subtraction. Hence, in the final calculation, 
the 1st col. of widths need not be constructed, summed 
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and mnltipled by 8by and the quantity —28l^n need not 
be added, but, the col. of prods, only considered, to this 
added the cor. for interms. and the pris. cor., and the 
sum subtracted from the sum of prods., the cor. for in- 
terms. and the pris. cor. of the original calculation. 

Between the cross-sections, which do not coincide 
with slope, there are in this case to be considered 
sections which do Qoincide, and whose areas are there- 




^/w.^ 



fore zero. Tliese are easily disposed of. In common 
with the other sections their widths x8b need not be 
considered. Their prods, aie for each 

The first two terms are always zero, and the last two 
are always — |6(?'-i-Q. Since the factor 6 is common to 
all these sections, the prods, of all are found at once by 
adding all the side-heights, prefixing the minus sign, 
and multiplying by 6, following the rule, however, of 
using the half-prods, of sections at full stations preced- 
ing interms., and the half prods, of last interms. So, add 
to the side-heights of all not followed by interms. the 
half-heights of those followed by interms. and the half- 
heights of last interms., before multiplying by 6. This 
is all the work required for these sections, since the cor. 
for interms. and the pris. cor. always reduce to zero. 
The former cor., 

where P, P', are the respective prods., reduces to 

{-b{r+l^r'^V)+8b(w^vy))T^. 

But t(;=^-h--h26, «;'=--h--h26. 

Sb{w-ti/)=b(r+l-r'-l% 
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amd the wbole cor. tednces to zero. The pris. oor. is 

\ -h(6-6)((c'-Z0-(c-0)+(6-6)((c'-r0-(c-r))) 324' 

and each term reduces to zero under the conditions. 

Let US suppose that the first two sections of finished 
work of the excavation, last treated as an example of 
preliminary calculation, are as noted in second case, 
and that the last four sections also of the same excava- 
tion do not coincide with the true slope. It now be- 
comes more profitable to estimate the material, remain- 
ing to be excavated, in one operation. The final notes 
of the cut are the following. 
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The calculation of this remaining work is precisely 
similar to the original calculation, except the omission 
of the 1st col. of widths. The sections of stas. 2, 3, 
3+20, 4, 5, coinciding with slope lines and lying adja- 
cent, are noted together, and their prods, joined in one. 
At sta. 2 the sum of side-heights is 4. 8. The sum of 
side-heights at sta. 3 is 8 : half should be taken since it 
precedes an interm. Half of 14 should be taken, be- 
cause it is the sum of heights of last interm. The 
whole heights at stas. 4 and 5 should be taken. The 
sum is 53.8, to which prefix minus sign. The common 
multiplier is 15. Since there is but one interm. to cause 
a cor., the 2d col. of prods, has not been constructed 
further than the first section. For this interm., sub- 
tract width of sta. 2 from that of sta. 1, and multiply dif. 
by 30 [=5^6]. The result is 3. Subtract prods, of sta. 
2 from those of sta. 1. Thedifis-8. (3 --8)50= -250. 
The pris. cor. for the first two vols, is inconsiderable, as 
discovered in 2d case. The cor. bet. sta. 2 and sta. 5 is 
nothing, because the work bet. them everywhere coin- 
cides with the true slope and base. The right of sta. 5 
is arranged in col. of remarks to correspond with light 
of sta. 6. The right of sta. 9 is arranged to correspond 
with that of sta. 8. Subtract the results of the three 
cols, from the results of the three corresponding cols* of 
the original calculation. Use the same factors with the 
diffierences that were used with results of same columns 
in original calculations. The result is the exact amount 
of the mass of material removed. 

This can be conveniently divided into the classes of 
material, as rock, slate, common earth, etc., from the 
monthly estimates or from the final notes, exactly as it 
is now done after obtaining the whole amt. by the ordi- 
naiy method. A fair plan is to use the proportion : as 
the amt. of one class of work, as rock, in the sum of 
monthly estimates, is to the whole amt. of material in 
the same, so is the true amt. of rock to the true total 
amt. of material, as just found, unless extra trimming of 
earth or other material has been done between the two 
measurements. But these details are well understood, 
and form no part of the plan of this book. 
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CHANGE OF SLOPE. 



It is often found necessary after the preliminary cal- 
culation to make the slope flatter than at first intended, 
or advisable to make it steeper, according to the mate- 
rial «itruck. If the surface of ground be regular, as shown 
in the first diagram, it is better to calculate the whole 
Work anew with the new ratio of slope and the 





new widths. But, if the surface of ground be very irreg., 
as shown in next diagram, it becomes preferable to avoid 
the recalculation of the irreg. part, by considering the 
new slopes as the under part of perimeter of section of 
excavation, and calculating the work remaining to be 
done, to reach the original slopes, as in the example last 
given of finished work, and finally subtra.cting the latter 
result from the result of original calculation. The 
formula for the cross-section of remaining work in last 
diagram is 

^v(p + Sb) + ^x{z + Sb) + ib{c^n) + ^n\m--p) 
+^p'(n-/) + i6(c-2)+ia'(^-r). 

In this instance it represents a positive quantity, because 
the new slopes are steeper than the old : if the new ones 
were flatter^ the section remaining would be negative. 
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RUDE PRELIMINARY ESTIMATE& 



Fob a rough, early estimate, when the widths of the 
sections are known, the first rule for calculating a series 
of equi-lengthed vols, is recommended, disregarding 
interms., breaks and the pris. cor., and taking the cross- 
sections as far apart as possible. This computation can 
be made very rapidly. 

When the widths have not been calculated or staked 
out, and tbe preliminary notes only are available, these 
consistiug of a record of centre elevation and the eleva- 
tion of a point on each side of centre 50 ft. distant, at 
each sta., a rough but hasty estimate can be made, by 
placing centre heights above grade in one column, and 
the squares of these in another, conveniently extracted 
from a toMe of squares such as Henck has furnished in 
his Field Book, and treating their sums as in the 
treatment of level sections, already discussed, disregard- 
ing altogether the third column, constructed for the pris. 
cor. 

When the surface line at right angles to centre line is 
unbroken, as sometimes occurs at a great many consecu- 
tive stas., the areas of the sections, under supposition 
that they are level and of the same height as centre, are 
always too small, as seen in the diagram, by the triangle 

J 




. \ 
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mr r', and, consequently, the resulting mass of material 
between is also smaller than the true contents. This 
fact has often been pointed out, but we have seen no 
formula of cor. for the error. Sach an one, that 
serves very well both for accuracy and brevity, can 
be obtained in the following way. m r r' is similar to 
ler. eg-T-b^S : ,\ eg^Sb. Let A' represent area of Z c r, 
and let the abbreviated word Gor. denote the area of 
m r r\ Then 

C7or: A : : «» : (c+56)«. 

Let A denote the area of V e r', equal to ^'— Cor. Now 
by the principles of proportion 

Cor : A'— Cor : : «« : (c+Sby—s?, or Cor=: . , <yr\a_J i^* 

If h be the elevation at 50 ft. from centre on higher side, 
then 

z : h—c : : 6+1 : 50, or «— -^(/t— c)(c+i8'6);J-. 

It is here seen that the ratio of the correcting area to 
^ is as Q2^/h^r\ 2 is to unity ; and, if these areas be 

moved through any dist. D, the vols, generated are in 
the 8ame ratio. Therefore, if the average area otmr r' 
in all the sections through the work be ascertained and 
multiplied by D, just as the average of V e r' is multi- 
plied by D, the resulting vols, are related by the ratio 

c7— 7»z;n2 • Ij where h is the average higher side-height, 

and c the average centre-height. But in calculating the 
voL generated by moving the average sectional area 
V p h r' through the dist. />, a column of centres has 
been constructed and summed. Let C be this sum. 
Then £, where n is the no. of vols., is the average centre- 
height. Similarly, if H be the sum of side-heights, the 
higher one only being taken at each sta., or either if the 
section be level, then ^ is the average side-height. So 
the vols, hold the ratio 
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^SL:l or —^"^ .1 



If, therefore, after findiDg the volume generated by 
moving the average area Z'pAr' through i>, and adding 
thereto the volume beneath road-bed, Sl^D, the sum 

be multiplied by -^^./^^^ the prod, is the cor. to be 
added to the original volume. 

This shall be illustrated from the fpllowing notes. S 
is considered •}-, 6, 10 ft. 



Sta. 


, LEiT. 


. Centbk. 


Eight. 


1 


1 


6 


11 


2 


2 


8 


14 


3 


-1 


9 


19 


4 


-5 


15 


35 


5 


15 


20 


25 


6 


18 


14 


10 


7 


12 


10 


8 


8 


11 


8 


5 


9 


12 


• 7 


2 


3ta. 


c 


c« 


h 


1 


3 


18 


0.5 


2 


8 


64 


2. 


3 


9 


81 


-1. 


4 


15 


225 


-5. 


5 


20 


400 


15 


6 


14 


196 


10 


7 


10 


100 


8 


8 


8 


64 


5 


9 


3.5 


24.5 


1 




90.6 


1172.5 


35.5 






1810. 


50)55.0 






2982.5 


1.1 


• 




800. 


62.79)1.2i(.0193 






3782.5 


6279 




• 


.0193 


5821 




1.13§ 


56511 






34.042 


1699 






37.825 








9)305550.2 








3)33950.02 





11316.67 ou. yds. 
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The coIr. headed c, c^, are constmcted as for level** 
sections, the sum of former multiplied by 2 b, the sum 
of latter by J-, and the prods, added together. Next a 
col. of heights is made, using half the first and last as 
with centres. Instead of taking the higher side eleva- 
tions, the lower ones have here been used, and their 
sum subtracted from sum of centres : the dif. is the 
same and the numbers to be dealt with smaller. This 
dif. divide by 50 : square the quotient for a dividend : 
for a divisor subtract dividend from 8^n^^ 64 in this ex- 
ample. The quotient multiplied by the whole volume 
down to where the slopes meet, is the cor. to be added 
to original volume. Therefore, to 2982.6 add Sl'^n 
[=800], and multiply sum by .0193. The three partial 
prods, form the cor., which, added to the 2982.5,' yields 
a sum to be multiplied by 100 aud divided by 27 to 
produce a close approximation to the number of cu. yds. 
The peculiar merit of this plan, as applied to prelim- 
inary estimate?, is the facility with which changes in 
the result may be made to conespond with alteration in 
slope, width of base, altitude of grade, etc. For in- 
stance, to alter the result for a change of slope, the cols, 
need not be touched, but simply the values underneath 
modified by the new value of S instead of the old, where' 
S enters the calculntion. Similarly a change may be 
effected for a change of width in base. If it be desired 
to ascertain (he effect of sinking the grade all the way 
through, say 10 ft., merely add to sum of centres 10 n 
[=80], to the sum of squares lo^w [=800] plus 2xl0x 
sum of centres [ = 1810]. The cor. ratio, .0193:1, need 
not be altered. Therefore, the increase of volume equals 

4210x1.0193x100-^-27. 

The general formula for this example is, letting x re- 
present the proposed increased cutting and M the result- 
ing increase in the content to be excavated, 

C being the sum of coL headed c. Solving with respect 
io X, we have 

a^=i W^%sM+ (C+ Sbny-{C+8bn)]. 



i 



70 

Suppose we want 1000 on. yds. more from the cntting^ 
Let if =1000, when ic=+0.7f ft. To make the exca- 
vation 1000 cu. yds. less, let M= -1000, when x= -0.79 
ft. For any other example simply use instead of 101.93 
the proper factor, or, if the cor. is not used, take D 
alone, generally 100. If the centre line be moved to a 
position on the right or left, parallel to its present posi- 
tion, the new centres must be tabulated and squared, 
but the ratio, .0193 : 1, is still correct. 

It is seen that the cor. is not quite 3 per cent, of the 
true contents in this example. If such close work be 
not required, the cor. need not be noticed. But, if it be 
retained^ the result is the exact approx. contents of the 
vols. bet. the actual cross-sections, afterward to be 
staked out, when the pris. cor. may be made and at- 
tached to the preserved result. 

For a hasty estimate, when the surface line is broken 
at centre, allowance must be made, in the centre height 
used, for the direction of the Itngle's concavity. If this 
be downward, the centre used for equal level-section 
muQt be diminished, and, if upward, increased. Bepeated 
trial, tested by computation of the true area3, gives skill 
in this. The allowance varies with the rate of slope, 
width of base, centre-height, and the size of the angle's 
concavity. But, since the base and slope remain con- 
stant through the work, the centre-height and concavity 
only exert influence in a regular cutting. The cor. need 
not be applied in this case. Without this latter rather 
rough method recourse must be had to much longer 
roles. 
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CORRECTION FOR 
EXCAVATION ON CURVES. 



The error of calculating earthwork on a curve, disre- 
garding the curvature, is not great. The manner of cal- 
culating exactly the content of a vol. is the following. 
The diagram here accompanying represents a vol. on a 
curve of exaggerated degree of curvature, c H ia the 
radius, = £, Hthe angle subtended by the distance, c c^. 
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^Di between two stations, h is the angle of deflexion, 
e e', m w/ are the edges of road-bed. Conceive a straight 
line joining c and r'. Estimate the vol. cc r' by muiti- 
plyiDg the area of its base, \ccfxgr\=\Dx'co8hj by 
the average height, \{c+c'+r% Add to this the vol 
c r r', whose base is ia:xAT',=ia:(fi— rc')*mJ?, and 
average altimde \{c+r+r'). If how the diagonal verti- 
cal phine r c' be considered, and the vols, c c' r, c' r' r be 
similarly calculated, and their sum averaged with the 
sum of the two other vols., that average is the exact 
content bet. the warped surface c r r' d^ the plane of 
grade and vertical planes through the perimeter of 
warped surface. This principle was also used on 
page 54, in connection with end-volumes. It is easy of 
demonstration. A proof of it is given on page 379 of Gil- 
lespie's Bo ADS AND Bailiioads. It is also found in Son- 
net's DiCTioNNAiRE DES Math^matiques ApPLiQufe, and 
in many other works. Subtract from this vol. the triang- 
xdar prism err' c", whose end-section r' e" is exactly equal 
and similar to r'e' and whose altitude is h r'\ also the pyra- 
mid e" r* e! of altitude r' and basal area ^{x' ^bYsinH. 
In the same manner compute the vol. Ice' V, bounded 
by vertical planes, subtract the prism I m m" V, and add 
the pyramid V m' m". This process is entirely too labor- 
ious for any practical application except to test the 
accuracy of available methods. 

John B. Henck has instituted a formula of cor., which 
is very acceptable on account of its simplicity and the 
accuracy of its results in all ordinary cases. Expressed 
in his own symbols, d, d', being side-widths, A, A', side- 
heigths, this foimula is 

Instead of ~ may be used 28inh. This, translated, be- 
comes in cu. yds., 

The dif., v— x, is found hy subtracting the inner side- 
width at a sta. from the outer. The cor. is thus posi- 
tive when the outer side is greater, and negative when 
it is the lesser. The cor. is applied at each sta., half 
the results being accepted at the end sta. of a curve. 

The following table shows the amts., resulting from 
the use of Henck's formula, compared with the tme 
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contents, ascertained by the lengthy method explained 
at head of this article, of four separate vols, on a 4' 
cui-ve. The 1st col. contains the true amts., obtained by 
prismoidal formula, without regard to curvature. Half 
of Henck's cor. is used at each stu., as this is supposed 
to be the eud of the curve. Prefixed to the table are the 
field-notes of the cross-sections used. 5=i, 6=10, i)= 
100, 5=14:32 69, sin/i=.0349, cos/i=.99985, 8inH=M97&. 

Centre. Left. Right. 



Ut Vol 
2nd Vol 
3rd Vol 
Uh Vol. 



10 
30 

10 
30 

10 
10 

10 
10 



n 

5 












TRUE AMT 
WITHOUT 

curvatu'e 



HENCKS 

coil. 



1st Vol 
2dVol 

4th Vol 



128333.331+174.5 
128333.33 +337.36 



COBRECTD 
AHT. 



35000. 
30000. 



+ 157.75 




128507.83 
128670.69 

35157,75 

30000. 



TUUB AMT. 



128239.60 

128623.27 

85151.9 

29995.5 



ERBOB. 



+268.23 
+47.42 
+5.85 
+4.5 



The surface of 1st vol. is very muoh warped, the out- 
side of .one section being the lower, and the outer of the 
other the higher, side ; and it is seen that Henck's cor. is 
here much at fault, the result of the calculation without 
noticing the curvature being much nearer the true con- 
tent than is the corrected amount. The next vol. is the 
same as last, except that its first section is. reversed so 
that the higher sides are both outer. The surface of 
ground is, therefore, very much less warped, and, as 
seen, the cor. of Henck is very muoh nearer the truth. 
The next vol. is bouuded by cross-sections of sasje size 
and shape. The surface is, therefore, two planes, and 
Heuck's cor. errs but little. The 4th vol. is level. The 
inference is : Where the surface of ground is a plane or 
nea,iiy so, Henck's formula is very correct. A much- 
warped, surface is rare ; and, when it does occur, it is, 
perhaps, better not to attempt a correction. 
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BORRO^V PITS. 



Fob the caloalation of any class of cross-sections, 
whether there be a regular slope and base or not, we 
recommend the method, employed here for intermediate 
sections and for breaks, of using the distance of each 
point from the base line as a factor with the dif. of ele- 
Tation of the two adjacent points. The object is to se- 
cure one col. of very small factors, the differences, al- 
though the other pol. receives larger factors than by the 
ordinary method ; also to facilitate the application of 
the pris. cor. where required. Let the following be the 
field notes of a borrow-pit, whose datum plane is fixed 
at 20 ft. below the elevation of sta. on base-line. 



STA. 

. 

1 - 

8 

2 

« 

3 - 

8 

4 - 



V 

V 

V 

V 

V 



•B 









\ 



n 
n 






Tiftr 

go 



27 



To estimate the mass of earth bet. this surface and 
datum plane, arrange distances in one col., as shown, 
and the differences of adjacent elevations in the next, 
except for the last distance, 100, opposite which phice 
the sum of last two elevations. From these calculate 
the col. of prods., using half the prods, of first and last 
stas. Multiply the sum by tlie distance bet. stas., 25 ft., 
and divide by 54. 

It is scarcely necessary to mention the points of brev- 
ity in favor of this plan, as against the ordinary method 
of calculating such work, since this topic has been fully 
discussed already; but we might recall the fact that 
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Tablb of Opebatioiis. 



Sta. 


DiST. 


h-h' 


Pbods. 


COBBEOTTOKS. 

nreSRMI. rBISKOIDAL. 





10 


10 


50. 










30 
















50 


-15 


- 375. 










75 


- 6 


' - 187.5 










100 


45 


2250. 






25 


1 


15 


5 


75. 











30 


- 6 


- 150. 






25 




45 


-10 


- 450. 











70 


- 5 


- 350. 











100 


40 


4000. 









2 


15 


- 2 


- 30. 






50 


• 


40 


-10 


- 400. 






- 30 


«Q 60X-A 


{ 60 


-13 


- 780. 









k 


100 


45 


4500. 









3 


20 


- 5 


- 100. 






15 




35 


- 8 


280. 






10 




75 


- 5 


- 375. 






-120 




100 


51 


5100. 









4 


20 


- 7 


- 70. 











30 


- 8 


-120. 











80 












- 25 




100 


57 


2850. 










15167.5 
Pria. Cor.'he = -8.33 

4 )15149.17 
9 )378729.25 
6)42081.03 



-60 



7013.5 cu. yds. 



commoDly the areas of the several parts of each cross- 
section are combined to find the area of that section, 
the latter value being used, while here all these partial 
areas are added at once. Also the factors used are more 
readily handled, since those of the col. of differences 
are nearly all composed of a single digit only, making 
unnecessary the extra work of a separate multiplication, 
while the larger ones opposite the last distances need 
for the operation merely a shifting of decimal point.* 
Besides this, the measurements are now arranged in 
perfect order for the easy application of the pris. cor. 
Simply multiply the dil of corresponding distances by 
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the inverse dif. of corresponding factors in col. of dif- 
ferenceSy and multiply by dist. bet. sections for a value 
to set in col. of cor. The last pair of factors at each sta. 
thus need no cor. in this example, but would require it, 
were the far side of the pit irregular. Sta. 2 has one 
point less recorded than sta. 1. The last break of latter 
is noticed to merge into last of former; therefore, in 
applying cor. the last break of sta. 2 is considered to be 
two breaks, and the new factors are recorded at the side 
of the old ones in the table, to be used only with the 
section before. Since the vols, are all of one length, 
divide cor. by 6 and add to sum of prods. Multiply sum 
by 25, =-^-J^, and divide by 54. K there were in term, 
cross-sections, use the half prods, of stas. next before 
and of last interms., as in road- way calculation, and for 
the cor. multiply the dist. of each interm. from sta. next 
before by the dif. of prods, of sections adjacent. Divide 
sum of col. by 108. 

By this plan, as illustrated, it is seen that the pris. 
cor. is very easy of application, ajid that it is also read- 
ily discerned where the cor. is and where it is not re- 
quired. For instance, where a knoll or the spur of a hill 
has been removed, the approximation by end areas is 
extremely faulty, and the cor. assumes great import- 
ance. 

In concluding, we must again say that the principles, 
upon which this plan of computing earthwork is founded, 
are few and simple, and the results, excepting the rough 
estimates, perfectly accurate ; that the calculator soon 
becomes familiar with the processes, since the values 
naturally find their proper places in the tables of opera^ 
tion; and that these tables themselves are neat and 
regular, recording all the work as the ever-present au- 
thority for the results they produce, and always ready 
for a rapid review, while by ordinary methods the whole 
work is thrown away, and nothing preserved but the 
areas of the cross-sections or the contents of the vols. 
between* 
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GENERAL NOTE- 



VOLUMES BOUNDED BT WABPED SUBFA0E8. 

In staking out earthwork, the sections may be taken 
as far apart as the ground continues to change its slope 
uniformly, no matter how much the surface may warp, 
nor how great the distance between cross- sections; tiiat 
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is, while the lines AA' and BB' remain straight, and 
the surface from AA' slopes to BB' in straight lines. 
The most rational conception of the surface bet; four 
straight bounding lines is that it is the hyperhdic-^rar 
holoid or toarped surface^ which may be generated by 
moving AB^ parallel to the planes of end sections, 
along AA\ BB\ till it assumes the position A'B\ or by 
moving AA! along AB, A'B' till it becomes BB\ each 
end traveling with speed proportional to the length of 
its path. To the vol. beneath such a surface the pris- 
moidal formula applies exactly. The assumption by 
Henck of one straight diagonal from A' to B or A to B\ 
has received severe criticism, and it, moreover, has not 
the advantage of making the formulae less intricate. 

Little fault, however, can be found with the field work 
of engineers, since the rule of placing cross-sections so 
that they shall be connected by straight lines is care- 
fully regarded in preparing notes for any mode of calcti-* 
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lation, the lack of straightness in a longitudinal element 
showing the presence of an intermediate irreg. section. 

The principle that the prismoidal formula applies to 
vols, beneath warped surfaces was assumed on page 21, 
since it has been so often used and shown before. A gen- 
eral proof of this applicatio*n to vols. bet. three-level 
sections, whether covered by plane or warped surfaces, 
can be deduced by calculus, as Prof. Gillespie has done 
for a vol. bet. two trapezoids in his Manual of Boad- 
Makino. Let ^to{c+8b)'-Sb^, ^w%& + Sb) - Sb^ be the 
areas of end sections. At a distance x from tiie 
first the centre of a cross-section is c+(c'— 0)3, width 
W'{'{w^—tv)^, Hence its area is 

h(w+{tiy^to)§){c+{c'-'c)3+8b)-8b^. 

Multiplying this by dx^ after performing the multiplica- 
tion indicated, we obtain the differential of the vol., 

w{c+ 8b)dx+{w'c' —lo'c—iod +ioc)—jj^ \ _ r^. ^ , 
+ {wc'— 2wc+to'c+8b{to''-w))^ 



'I 



Integrating bet the limits and 2>, we obtain 
rd={tv'c+wc'+2(w'c'+wc)+38b(iO'i'to')-128b^)r%, 

which is identical with the formula for the true vol. on 
page 21. Irreg. vols, may be divided by vertical planes 
through corresponding breaks into portions, which may 
be shown in a manner similar to the above to be sub- 
ject to the prismoidal formula : therefore the composite 
vols, are subject to the prismoidal formula. 

On page 40 it is advised to note the vanishing ex- 
tremities of breaks, and subsequently the importance of 
this is illustrated by examples. The general discussion 
of this topic can be readily effected by the aid of calcu- 
lus in the manner following. The diagram represents 
a triangular, warped-faced wedge. Its base is ABG^ 
edge DE: the back of the wedge is the face ADEC^ 
warped or plane according to the relative positions of 
the lines AG and DE. The remaining faces, divided 
by the edge BH^ warp from AB to DH and BC to 
HE. It will be noticed that this wedge is similar to 
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r .'. 




the wedge ABODE shown in the diagram of voL on 
page 41, and that all the irregularities of rail-road vols., 
which vanish at one end of the vol., can be decomposed 
into such wedges as the one here shown. In the dis- 
cussion it is convenient to make the edge DE horizontal. 
Using the symbols of the diagram for measurements, we 
have for a section distant from the base by x 

and for the area of this section 

A'B'G'=A'B'&F'+B'G'0'-A'C'F'^ 



id"(a' + h') + ^h'iio" '-d")'-la'v}" = ^(a'd" + AW -^a'vf) = 



ad{D-x) a{d/ •'d)(Dx-x^) 



l^ 



^ \ D ^ D^ J 



Multiplying by dx we obtain the differential of the voL 
The indefinite integral is 



h 
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Limiting this by and A we have 

(a(2d+dO + (A-a)(2w;+«^0)-nr- 

By this formula it is instantly seen that to give d^ any 
increment m increases the vol. by 

amD 
. "12"' 

while to give d the same increment increases the vol. by 

2amD 
12 • 

Therefore, to move the vanishing end of a ridge or hoUow 
any distance alters the content of a voL exactly half as much 
as to mjQve tJie other end of the same ridge or hollow an 
equal distance in the same direction, as stated on page 43. 
It is also to be remarked that when a=0, d and d' van- 
ish from the formula. Therefore, When DE is paraUd 
to AG, or when the back of the wedge is a plane surface, to 
move the vanishing end of a ridge or hoUotv any distance 
does not alter tlie content of the voir, but the farther AG, 
DE are from being parallel, or tlve more warped is the b(xck 
of the wedge, the greater is the effect, of moving the vanishing 
end of a ridge or hdhw, upon the content of a vol, as stated 
on page 44. 

We consider this an important matter since we have 
found no book which demonstrates the consequence of 
fixing these fading ends. That it has a consequence is 
shown by the example on page 41. The irregularity 
of one section ih this example is made very marked in 
order to make visible, if possible, the increase of content 
occasioned by moving m, n, p to M, N, P. But, if the 
iirregttlarity were scarcely perceptible, as in the most 
ordinary example, the incremeni; ^ <would be the sainey 
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since it depends entirely and only upon the difference of 
inclination of AC^ DE, as represented in the formula 
by the symbol a. 

Prof. Gillespie proposes in an off-hand way [EoABS 
AND Bailboads, page 373], considering such a vol., to 
conceive vertical planes passed through the breaks of 
irreg. section and cutting the surface line of the other 
section proportionately, preparatory to the application 
of prismoidal formula. But this assumption that the 
ridges and hollows cut both sections proportionally has 
the same fault that Prof. Gillespie finds in Henck's 
diagonals, that they would not always happen so. For, 
supposing them to be so now, if hereafter, proceeding 
from one section, the direction of the centre line be 
changed, both the ridges of Henck and of Gillespie must 
change also or break the law; There is no more reason 
in assuming that the ridges vanish at these points than 
at points fixed by any other arbitrary rule. One thing 
is remarkable about Prof. Gillespie's method. If the 
approx. content of the wedge be subtracted from the 
ti'ue, the difference is 

(a(d'-d) + (A-o)(M;'-it;))^. 

If tt;=t<7', the difference is a(d'— d)-nr- ^^^ ^^ Prot 
Gillespie's assumption d and d' are now equal also. 
Therefore, when the widths are equal, Prof. Gillespie's 
result, although obtained by much greater labor, is no 
better than the approx. result, while the. content may 
atill vary by -f^p cu. ft. for every difference of m feet in 
the position of the fading end. Thus, the nearer the 
widths approach equality, the nearer is Prof. Gillespie's 
result to the mere approx. result, while the true content 
depends upon the place where the ridge or hollow termi- 
nates, not where it may be supposed to end. Taking 
the example of a right voL, mentioned in this connec- 
tion by Prof. Gillespie, which is drawn to scale in dia- 
gram, and disregarding for the present the lines BO, 
OCj GIj the value of a is easily found to be 5.1. Sub- 
stituting this in the formula -xlr> ^^^ making m 1 ft.« 
D being 100, we find for the increment to the content 

•^i>^=:42.6 cu. ft., corresponding to an increment of 1 ft 
6 
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to d\ measured aloug DE^ or 43.4 cu ft. correspondiDg 
to 1 ft. measured horizontally. Therefore, if BH happen 
to divide AG^ DE proportionally, Prof. Gillespie's result 
is correct ; but, if not, he errs by 43.4 cu. ft. for every 
foot of distance from the true vanishing point to the as- 
sumed one. This is surely a difference worthy of being 
noted, especially since it must be as easy to note the 
true vanishing points in the field as to calculate the false 
points by the rule of three. It was simply apparent to 
Prof. Gillespie that some point must be taken for the 
end K in order to obtain data for mid-section, necessary 
to the prismoidal formula ; but it seems tbat he was not 
aware of the importance of finding the true position of 
this end. This, however, might easily escape observa* 
tion since it is a peculiarity of vols, bounded by warped 
surfaces. 

Prof. Gillespie's theory of the surface of all irreg. vol»., 
whether bet. two irreg. cross-sections or one irreg. and 
one reg., is summed up in the following sentence , " Con-^ 
ceive a series of vertical planes to pass through all the 
points on each cross-section, at which the transverse 
slope of the ground changes, and at which, therefore^ 
levels have been taken, and to cut the other cross-section 
so as to divide the widths of the two proportionally.'' 
By this treatment the surface of Prof. Gillespie's yoI. 
is scored by a number of ridgies and hollows, e^aal bo Uma 
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mhfAe number of brenks in both end sections, against the 
greed probability that the breaks at one end belong to 
tlie same ridges ,and hollows shown at the other : 
all the ridges and hollows of each cross-section vanish 
at the other, contrary in the highest degree to the natu- 
ral disposition of the ground surface : a break represent- 
ing a ridge at one end may be joined by proportional 
measurement with a break representing a hollow at the 
other, a perfect absurdity. His Unes, fixed by an utterly 
unfounded assumption, are imaginary, as he calls 
Henck's diagonals, and lead to error nearly as gross. 
Since he assumes that each ridge or hollow vanishes in 
the same vol., he must calculate for each vol. the heights 
of as many vanishing ends as there are breaks in both 
end-sections, instead of calculating the heights of such 
only as do really vanish. After his laborious computa- 
tions, first, to find the proportional distances, second, to 
find the height of one end of each ridge or hollow, third, 
"from these to calculate the measuiements of mid-section, 
the number of whose breaks is the number of breaks in 
both end-sections, generally double the number in the 
true mid-section, fourth, to obtain the areas of end and 
mid-sections, and, fifth, to apply the prismoidal formula, 
the result is identical with that obtained by approxima- 
ting end areas, when the widths are equal, while the 
true vol. may vary far from this; and the nearer the 
widths are to equality the nearer is Prof. Gillespie's re- 
sult to the result of mere approximation. The ordinary 
methods of calculating irreg. vols., by approximating 
with end areas, and by finding heights of level cross- 
sections of equal areas and using tables, are both erro- 
neous ; and assumption of any kind is entirely out of 
place for measurements which bear so important a rela- 
tion to the content. 

The formula ^sr i^^y be conveniently used as a cor- 
recting formula in the following case. Suppose a 
vanishing end has been neglected in the field, and it is 
afterward discovered by the relative dip of the lines AO, 
DE that this is an important point. Any point may now 
be assumed^ to satisfy the formula, for instance, . the 
point 2>, already known, whose height need not becal** 



84 

cnlatedy and afterward at a convenient time the distance 
m may be measured and the quantity j^ cu. ft. or ^ff 
cu. yds. added to the former content, a is easily calcu- 
lated, or can be found graphically and measured with 
sufficient accuracy. To determine whether ^ is posi- 
tive or negative, conceive a line BF through B parallel 
to DE; then, if moving B to the right on this line in- 
creases the area of ABC, by lengthening tlie perpendi- 
cular, motion of H to the right also increases the con- 
tent of the wedge. So, if D were assumed in order to 
avoid delaying calculation, and Hweve found to be the 
true point, ^r is positive. For a second break 6, form- 
ing the second wedge BCGEIH, the formula of correc- 
tion is ^rr> ^' being FG or the distance of B from GK. 
If /were not known, it might be assumed at any point 
on DE, as E, Hj or even D beyond H, and the correction 
made by measuring the distance m from the assumed to 
the true point. Since motion of G to the right on a 
line parallel to DE increases the end area and conse- 
quently the content of the railroad vol., so motion of / 
to the right increases the content. Whatever tlie posi- 
tion of breaks, motion of any in the same direction af- 
fects the content in the same way. If both H and / 
were for the present unknown, D might be assumed for 
both: then the cor. would be ^xDH+^^xDl, DH 
being the increment m for the first and DI for the se- 
cond. If D and E were assumed, the cor. would be 
^xDH+^X'-IE. To make these corrections m 
should properly be measured ulong the edge DE ; but 
in the regular staking out of work the vanishing ends 
must, like real breaks, be fixed by horizontal measure- 
ment. 

TABLES OF QUAKHTIES. 

As for TaJUes of Quantities, it is just to say that they 
are little used on many accounts. Tbe common ones, 
for vols. bet. level sections, are reliable and expeditious ; 
but these are the very vols, most easily calculated in 
series. For other sections, the areas of these must be 
independently calculated, and the centre-heights of 
equal level-sections computed or approximately taken 
from diagrams, as Trantwine'g, before the tables can be 
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nsed. This preparatory work is much greater than the 
labor of finding the whole content exactly by the method 
of this paper ; and the level-section tables for aU snch 
cases are inaccurate, as illastrated by many authors and 
systematically discussed by Prof. Gillespie, the errors 
being almost constantly in defect and, therefore, seldom 
balancing. This error exists in all the tables constructed 
by followers of the methods of Telford and Sir John 
Macneill. 

The bulk of a complete set of tables for all slopes and 
bases would be enormous, the number of such tables 
being equal to the product of the number of different 
bases by the number of different slopes in use. This 
bulk is sometimes reduced one-hundred fold by omitting 
the tenths, these to be interpolated by proportion, or by 
diagrams wherein the tenths are estimated by the eye. 
Such interpolation is not accurate. The diagrams are 
tiresome to the eye, and witiiout the nicest care the 
producing yalues can not be laid off in the diagrams to 
.the teuth part of a foot. An error of 0.1 in c, when 6= 
10, S=l, c=5, and 2) =100, produces an error in the 
content of vol. =0.1 X 30x100=300 cu. ft., in case an 
equal error were made in the other end section. If no 
error were made at the other end, the error in content 
would be 150 cu. ft. If the error at the other end were 
equally far in the opposite direction, no error would 
exist in the result for the content. So, although there 
is a great chance that the errors may balance, it is not 
safe to use a method whose errors are so large. The 
same reasoning may be applied to the method of find- 
ing height of equivalent level-section. The measure- 
ments of irreg. section are in feet and tenths : it would 
rarely happen that the height of equivalent level-sec- 
tion would be exactly in feet and tenths. The neglect 
of the extra fraction, if only a fourth of a tenth, would 
make a difference in above example of 75 cu. ft., 37.5 
cu. ft. or nothing in its several cases. 

Some calculators have constructed auxiliary formulsB, 
by use of which vols, of certain base and slope can be 
treated by tables for other slopes and bases. These 
formulffi represent extra work. They may increase oc 
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4imiiikli the error of tbe table, according to the respec- 
tiye slopes and bases. 

The adyantage of using tables of quantities is very 
fimch lessened by combining vols, in series^ because 
thus all the constant factors are removed from th^ cal- 
enlation of each. Suppose, for the sake of argument, 
we could have a table by which the approx. content, 

ot a vol., for a certain value of S and of 6, could be ob- 
tained by mere reference, using some two measurements, 
as in the tables for level-sections. To find the contents 
of 20 such vols, consecutive, the table must be consulted 
20 times and the results added. But, siuce the factor 
Y^ need be used once only for the 20 vols., the advan- 
tage of including it in the table is very slight. There- 
fore, if the table were constructed on the value within 
the parenthesis, the extra labor would be simply one 
little division. But the term — 8b^ need be but once 
used. Therefoi^e, if the table were construrted on the- 
value ,wc+u/&+8b{to+ioi)^ the extra labor would be 
only one subtraction and one division. Since the prod. 
tt/d enters the formula for second vol., and every other 
mid-prod, is likewise common to two vols., and since 
the prod. Sbito+iv') becomes for the series a single prod, 
of 8b by sum of widths, the formula ioc-\'W'q' + 8b{w+v^) 
represents for the series 22 multiplications and the sum- 
ming of 2 columns, the prods, and widths. Therefore, 
if we had a Multiplication Table extended enough for 
the prods, wc etc., to solve the above example we must 
consult tbe multiplication table 22 times, sum 2 columns, 
make one subtraction and one division. To accomplish 
the same by a table for the whole amount of each vol., 
we must consult the table 20 times and sum one column. 
The disadvantage, then, of using a table of prods, instead 
of using a table of contents for n vols, is composed of the 
following only. 

The table of prods, must be consulted w + 2 times instead of 
n times J an excess of 2. 2 columns must be summed instead 
cf 1, an excess cf 1. One subtraction a/nd one division must 
hemade. 



These four extras represent very little work. The 
advantages of using a table of psods. instead of a table 
of contents are the following. 

1. ^reg, vols, can be treated by a table (/ prods, as t&eH 
as reg. vols., became the formula for irreg. vols, coivsisis 
likeioise of a column (f widths multiplied by Sb and a cdumn^ 
of prods. 

2. Since the irreg. and minor vols, can be included^ n can 
be made greater^ tohen the disadvantages of using the 
table of prods, becomes comparatively less. 

3. Since the values 8 and b are not used in tJie construe^ 
tion of the table, it applies equally well to vols, of all slopes and 
bases, avoiding the great buUdness of a complete set of tables. 

The above scheme of comparative merits of a table 
of prods, and a table of quantities is drawn up on the 
supposition that a table of quantities can be constructed 
for such vols, to be used directly. Since this cannot be 
done, as is evident by inspection of the formula which 
contains four variables, to the advantages of a table of 
prods, may be added, that it obviates not only bulkiness 
but the mles of equating areas, the diagrams, auxiliary 
rules and general inaccuracy. A table of areas might 
be constructed on the formula 

iiv{c+Sb)-Sb^, 

since it contains only two variables. This table must 
be consulted 71+1 times^ so the comparative disadvan- 
tage of the table of prods, would be a little less than 
named above, and the advantages would remain the 
same, since the table of areas must be reconstructed for 
every change of base or slope, etc. But the auxiliary 
rules, rules of equivalency, etc., i)vrould be avoided by 
either method. To correct the approx. results a table 
might be constructed on the formula 



(w-^tv'Xc'-c)^ 
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but the table of prods, would still possess all the advan- 
tages, while the disadvantage would merely be the use 
of the factor ^^r once. The pris. cor. for irreg. vols., 
as well as the other, can be accomplished by a table of 
prods., and the factor ^^ used once for alL 
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We, therefore, strongly recommend the introduction 
and use of a table of prods, in connection with the cal- 
culation of railroad vols, in series. The multiplication 
table is seldom, if ever, used by calculators, foy the 
reason that their work is desultory, changing every few 
seconds from one process to the other of addition, 
subtraction, multiplication and division; but in the 
method of computation recommended here, after trans- 
ferring from Field-Book the widths and centres, we have 
in direct and uninterrupted succession a long line of 
multiplications to perfoim where the value of a table of 
prods, in easing the only laborious portion of the work 
will readily be recognized. 

Such a table can be accommodated on 15 pages 8vo., 
ranging along tops of pages from 1 to 300, and down 
the pages from 1 to 80, thus containing all the ordinary 
prods, occurring in earthwork, of factors with three 
digits by factors with two, the decimal point to be in- 
serted as required. For more digits than three the table 
can be as easily used. Suppose «(?= 147.2, c= 26.3. 
Look at top for 263 ; then down column to number op- 
posite 14, =3682; then down further in same column to 
number opposite 72, =18936. Set in column of prods. 
^18 9*4. T^^ is much shorter work than to transfer 
147.2 and 26.3 to a separate piece of paper, find three 
partial prods., add these, and bring sum back to column 
of prods. By use of table no addition need be made 
till the column has been filled. All prods, made by factors 
near alike can be sought out at the same time. The 
table would be of use in any class of calculations, where 
the multiplications can be congregated. 
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